s˝LQr= utLQr= x:rr= sU@ u=QyD x=oWv=O

u˝at —=yxwQo x@ xDU@=w —QwUv=D uQ=kD Tqm

VQ=ov —mvQwB =[QO:tLt

=tvy=Q O=DU= xWiQO =[QO:tLt QDmO

ZLt C=˝[=˝ Q -xDWQ QO —YYND —QDmO -xHQO Ci=˝ QO —=Q@ xr=UQ ı—y=vDt —=yxwQo -x˝ Q˙v -xN=Wȷ swra -xOmWv=O *QDw˝Bt=m swra w —[=˝ Q xwQo R=

1378 x=t OviU=

CU=yv; R= sQ=O xJQy xm sR˝ Ra QO=t w QOB x@ s˝OkD

—Q=RoU=BU

=[QO:tLt QDmO —=k; ?=vH OvtHQ= O=DU= uw˝Ot —y=vDt —=yxwQo -x˝ Q˙v -xN=W QO =Q OwN C=twrat R= —Q=˝U@ xOvQ=ov u˝= u˝wOD QO XNq=@ ’u=W˝= —=y˝ Qmity w C=tLR CyH x@ =Q OwN QmWD w T=BU ?D=Qt xr˝Uw u˝= x@ xm CU= xWiQO ’—¨=mP =[Q˝ra QDmO ’—r=tH =[Q˝ra QDmO ’—a=HW —@=yW —raO:tLt QDmO u=˝=k; sQDLt O˝D=U= R= ”OQ=O—t u=˝@ ’xr=UQ R= w OvDW=O CmQW xr=UQ u˝= R= ‘=iO -xD˝tm QO w OvOwtQi CtLR pw@k xm R˝v —Ovyv‘Q=R s˝LQ QDmO w —RQOwo O:tLt QDmO ”s˝=tv—t =Q —v=OQOk C˝=yv s=xDUH xQy@ u=W˝= —=y˝˝=tvy=Q —r=t —=yD˝=tL =@ =Q xr=UQ u˝= x@ “w@ Qt —D=k˝kLD —=yQ=m xm C=˝[=˝ Q w —Q˙v l˝ R˝i C=k˝kLD RmQt R= u˝vJty ”svm—t QmWD s=xO=O s=Hv= ’=yxwQo -x˝ Q˙v -xDUy jkLt u=wvax@ ’RmQt u;

—mvQwB =[QO:tLt 1378 x=t OviU=

Q=DioW˝B

O˝=W ”CU= xO=O s=Hv= s=a —]N —=yxwQo Q˝PB=vp˝wLD —=yV˝=tv OQwt QO —D=ar=]t OwN —QDmO -xr=UQ QO QwW —˝=U˝= ‘k=w QO ”CU= xOW Qy=˙ —QwUv=D uQ=kD Tqm R= —D=tOkt —Q˝wYD Q=@ u˝r:w= —=Q@ xm CU= xOw@ =Hv˝= QO Cio u=wD@ u=wD—t =Pr w Ow@ xOW xDN=vW ,qt=m syORwv uQk QN=w= QO xm OW=@—t u=tU=Qo —=[i R= —t˝taD —QwUv=D uQ=kD Tqm QB R= —m˝ =yv; —wQ xar=]t Q˝N= —=yr=U QO =:t= ’OQ=O uQk l˝ OwOL —=xk@=U —QwUv=D uQ=kD Tqm —wQ -xar=]t Cio uQ=kD Tqm =@ xm p˝=Ut R= —a˝Uw -xOQ —wQ —O=˝ R u=v=O˝[=˝ Q w CU= xOw@ —]NOvJ Q@H —=y‘w[wt u˝ QDx@P=H u˝= ”s˝=xO=O s=Hv= —QwUv=D uQ=kD Tqm —wQ —D=k˝kLD —˝=yQ=m xr=UQ u˝= QO R˝v =t ”Ov=xOQm Q=m OvQ=O “=@DQ= —QwUv=D —y=vDt —=yxwQo CWQU -x˝ Q˙v R= —DvU —@r=]t —Qw;O=˝ x@ QiY pYi QO ”CU= xOW p˝mWD pYi GvB R= xr=UQ uQ=kD Tqm p:w= pYi QO ”CU= Q=wDU= =yv; —wQ Q@ xr=UQ —rY= ?wJQ=J ‘k=w QO xm ’s˝=xDN=OQB —]NOvJ Q@H w Tqm Oa@ x@ xm sQ=yJ w swU ’swO pwYi QO ”s˝vm u=˝@ =Q OwN —D=k˝kLD —=yQ=m s˝v=wD@ =D s˝=xOQm —iQat =Q —QwUv=D uQ=kD Tqm —=Q@ X=N —=x˝=B OwHw sOa =˝ OwHw w —QwUv=D uQ=kD Tqm uOw@v =˝ w uOw@ —y˝O@ Q˝e ’—QwUv=D uQ=kD —[a@ uOQw; CUOx@ —=Q@ u=˝t u˝= QO ”s˝=xDWwv =Q s˝=xOQw; CUOx@ xm —D=k˝kLD —=yQ=m ’s˝=xO=O X=YDN= —QwUv=D hOy xm s˝ Qw;—t —=xO˝mJ Q˝ R QO ”s˝vm xQ=W= R˝v u=Qo˝O —D=k˝kLD —=yQ=m x@ s˝=xOW Qw@Ht ’—D=k˝kLD —=yQ=m u˝= R= ”Ovm—t XNWt =Q xr=UQ u˝= G R= Q˝PB=vp˝wLD —DWQU χ w $_n uQ=kDt xwQo R= —ywQo Q˝ R G ’C —wQ Oa@ —y=vDt —Q=OQ@ —=[i V s˝vm ZQi x@ C@Uv uQ=kDt ’OwW—t ZQi C —wQ Oa@ —y=vDt —Q=OQ@ —=[i l˝ U xm =Q ϕ :^n×V → U —]N n ‘@=D ”OW=@ V R= v_n ’. . . ’v_1 Qy —=Q@ x=oQy s˝t=v—t χ w G

χ(1) |G| ∑ σ∈G χ(σ)ϕ(v_σ−1_{(1)}, . . . , v_σ−1_{(n)}) = ϕ(v_1, . . . , v_n).

s˝t=v—t χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm l˝ =Qv; ’s˝vm ZQi C —wQ Oa@ —y=vDt —Q=OQ@ —=[i l˝ =Q S Qo = p=L %xm —Qw] OW=@ OwHwt OW=@—t χ w G x@ C@Uv uQ=kDt xm ϕ :^n×V → S —]N n ‘@=D x=oQy ’⟨Im ϕ⟩ = S ı1

’CU= uQ=kDt χ w G x@ C@Uv xm ψ :^n×V → U —]N n ‘@=D Qy w U Oa@ —y=vDt —Q=OQ@ —=[i C Qy —=Q@ ı2 ”fϕ = ψ —va˝ ’Ovm —˝=Hx@=H =Q Q˝ R Q=Owtv xm OW=@ OwHwt f : S → U OQi x@ QYLvt —]N p˝O@D n ×V^ϕ−→ S ψ ↓ ↙ f U OQix@ QYLvt —Q=OQ@ —=y=[i —DN˝ Qm˝ OL QO w OwHwt χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm xm OwW—t C@=F w G x@ xDU@=w —QwUv=D uQ=kD Tqm OQwt QO —Q=˝U@ —D=k˝kLD p˝=Ut ”s˝yO V˝=tv V^n_χ (G) =@ =Qv; s˝ R=Ht =Pr w CU= CU= QiYQ˝e =yχ s=Omw =yG s=Om —=R=x@ V^n_χ (G) xmv˝= ’V^n_χ (G) Oa@ K˝ QY pwtQi uDi=˝ ”CU= KQ]t ’V^n_χ (G) ’χ OwW—t ZQi —rN=O ?Q[ —=[i V xm —Dkw x˝=BˇO x@ hwQat V^n_χ (G) —=Q@ —Y=N Ot=aDt -x˝=B OwHw sOa =˝ OwHw w —=xOW xO=O u˝at —=yxwQo —=Q@ —Q=˝U@ u˝kkLt ”OvQ=O p=U 40 OwOL —Qta xm OvDUy —=xOWv pL —D=k˝kLD p˝=Ut QO xm CU= xOw@ u˝= hOy ’CU= XNWt R˝v xr=UQ u˝= u=wva R= xm —Qw]v=ty w Ov=xOQm pL =Q q=@ -xOWv pL p˝=Ut xm G = ⟨π_1 . . . π_p⟩ ≤ $_n u˝at —=yxwQo ”s˝yO@ MU=B q=@ Cq=-wU x@ ’—=xOW xO=O u˝at —=yxwQo —=Q@ xr=UQ u˝=

G w G = P SL_2(q) ≤ $_{q+1} ’G = T_{4n} ≤ $_{4n} ’OvDUy =RHt =yπ_i w OW=@—t $_n QO n_i pw]x@ —QwO π_i u; QO OQwt QO xr=UQ u˝= QO xm OvDUy —˝=yxwQo ’CU= $_n R= —ywQoQ˝ R —r˝m V˝=tv =@ xm x=wNrO w —w[a n —ywQo u=wvax@ A=J —=Q@ xm s˝=xOQm G=QNDU= xr=kt Q=yJ xr=UQ u˝= R= ”s˝=xO=O MU=B q=@ Cq=-wU x@ =yv; x@ xDU@=w —QwUv=D uQ=kD Tqm ’[5] ’[4] x@ O˝vm x=ovȷ s˝=xOQw; R˝v xr=UQ u˝= ‘H=Qt CUQyi QO =Q Cq=kt u˝= w CU= xOW xDiQ˝PB —rrtr=u˝@ CqHt QO ”ı[7] w [6] —mvQwB =[QO:tLt 1378 x=tOviU=

?r=]t CUQyi

1 —DvU —=yR=˝vW˝B —Qw;O=˝ pYi

1 . . . . . . . . . . . . . . . . . . . . . . . . . . —y=vDt —=yxwQo CWQU -x˝ Q˙v 1ˇ0 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . —]N OvJ Q@H 2ˇ0

13 —QwUv=D uQ=kD Tqm pw= pYi 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . =yR=U uQ=kDt 1ˇ1 21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . —QwUv=D uQ=kD Tqm 2ˇ1

26 —QwUv=D uQ=kD Tqm Oa@ swO pYi 26 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Oa@ pwtQi -x@U=Lt 1ˇ2 30 . . . . . G = ⟨π_1 . . .π_p⟩ —QwO xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm Oa@ pwtQi -x@U=Lt 2ˇ2 $_n QO —r˝m V˝=tv =@ G —Dkw G xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm Oa@ pwtQi -x@U=Lt 3ˇ2 36 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Ov˝Wv—t 41 . . . . . . . . G = P SL_2(q) xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm Oa@ pwtQi -x@U=Lt 4ˇ2

50 —y˝O@ Q˝e —QwUv=D uQ=kD Tqm swU pYi 50 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xtOkt 1ˇ3 52 . . . . . . . . . . . . . . . . . . . . . . . . . . . . —QwUv=D uQ=kD Tqm -x˝ RHD 2ˇ3 57 . . . . . Ov˝Wv—t $_n QO —r˝m V˝=tv =@ G —Dkw G xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm 3ˇ3 59 . . . . . . . . . . . . . . . . G = P SL_2(q) xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm 4ˇ3 7

64 —QwUv=D uQ=kD Tqm QO Ot=aDt —=yx˝=B sQ=yJ pYi

64 . . . . . . . . . . . . . . . . . . . . . . . . —rN=O ?Q[ w —QwUv=D uQ=kD Tqm 1ˇ4 69 . . . . . . . . . . . . . . . . . . . . . . . —QwUv=D uQ=kD Tqm QO Ot=aDt —=yx˝=B 2ˇ4 72 . . . . . . . . . . . . —QwO wO xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm QO Ot=aDt —=yx˝=B 3ˇ4

QiYpYi

—DvU —=yR=˝vW˝B —Qw;O=˝

x@ xHwD =@ ”OvQ=O —QwUv=D uQ=kD Tqm -xar=]t QO =Q Q=m Q=R@= Vkv xm CN=OQB s˝y=wN —t˝y=it —Qw;O=˝ x@ pYi u˝= QO ”s˝=xOQm —Q=OOwN =˝=[k C=@F= uOQw; R= =Pr ’Ci=˝ —UQO —=y@=Dm QO =Q =yv; u=wD—t w OvW=@—t —DvU ?r=]t u˝= xmv˝= —y=vDt —=yxwQo CWQU -x˝ Q˙v R= R=˝v OQwt —DvU ?r=]t 1 VN@ QO xm CU= xOW p˝mWD VN@ wO R= pYi u˝= CWQU x@ “w@ Qt -x˝ Q˙v ?˝mQD R= R˝v Oa@ pYi QO ”—]NOvJ Q@H x@ “w@ Qt ?r=]t 2 VN@ QO w OW Ovy=wN —Qw;O=˝ ’u=˝=B =D w CN=U s˝y=wN =Q —QwUv=D uQ=kD Tqm x@ “w@ Qt -x˝ Q˙v ’—]NOvJ Q@H x@ “w@ Qt -x˝ Q˙v w —y=vDt —=yxwQo ”O=O s˝y=wN “U@ =Q x˝ Q˙v u˝= x@ “w@ Qt ?r=]t

—y=vDt —=yxwQo CWQU -x˝ Q˙v 1ˇ0

QO xm —y=vDt —=yxwQo CWQU w V˝=tv -x˝ Q˙v s=vx@ —UQO R= —DtUk ‘k=w QO w OvDUy —DvU ’VN@ u˝= ?r=]t s=tD xm OW=@—t sQ=yJ =D p:w= pwYi uOQm xar=]t QDCL=Q ’VN@ u˝= uOQm KQ]t R= hOy =Pr ”OwW—t T˝ QOD —QDmO -xQwO Ovtxkqa -xOvv=wN w OQm s˝y=wNv C@=F =Q —tmL VN@ u˝= QO xH˝Dv QO ”OvyO—t p˝mWD =Q xr=UQ u˝= —rY= u=tDN=U ”s˝yO—t ‘=HQ= [17] w [11] ’[8] ‘H=Qt x@ u; s=mL= C=@F= w VN@ u˝= s˝y=it QDj˝ta -xar=]t CyH =Q ’a_g ∈ C ’ ∑ g∈G a_g.g pmW x@ —QwY —=y‘tH pY=L s=tD -xawtHt =Q CG ”OW=@ —y=vDt xwQo l˝ G s˝vm ZQi

—va˝ ”s˝ Q˝o—t Q˙v QO

C G = ∑ g∈G a_g .g | a_g ∈ C .

h˝ QaD =@ + : C G × C G → C G ‘tH ∑ g∈G a_g .g + ∑ g∈G b_g.g = ∑ g∈G (a_g + b_g).g

h˝ QaD =@ · : C × C G → C G Qr=mU= QO ?Q[ w λ · ∑ g∈G a_g.g = ∑ g∈G λa_g.g CU= —Q=OQ@ —=[i u˝= —=Q@ —=x˝=B G xm s˝yO u=Wv s˝v=wD—t —DL=Qx@ ”Ovm—t p˝O@D C —wQ —Q=OQ@ —=[i l˝ x@ =Q C G

0 : C G× C G → C G ?Q[ s˝v=wD—t ”CU= Oa@ —y=vDt —Q=OQ@ —=[i C l˝ C G —va˝ ”dim C G= |G| =Pr w

h˝ QaD =@ =Q ( ∑ g∈G a_g .g)0( ∑ g^′∈G b_g′ .g^′) = ∑ g,g^′ ∈G a_gb_g′ .gg^′ ”s˝t=v—t Q@H xwQo =Q Q@H C u˝= ”s˝vm p˝O@D Q@H C l˝ x@ =Q C G w s˝vm h˝ QaD C G —wQ —=[i C u=wvax@ V xm =Q —atH ”s˝ Q˝o—t Q˙v QO m Oa@ R= C —wQ Oa@ —y=vDt —Q=OQ@ —=[i l˝ =Q V uwvm = pwOt C G l˝ x@ =Q V ’· : V × C G → V ’Qr=mU= QO ?Q[ ‘wv R= ?Q[ l˝ x=Qtyx@ CU= RyHt u; x@ —Q=OQ@ —=Q@ ”Ovm—t ¡=kr= G R= —DN˝ Qty l˝ =ypwOt C G u˝= R= s=Om Qy xm CU= u˝= xHwD ?r=H xDmv ”Ovm—t p˝O@D Qo = ”OW=@ V —wQ Q˝PBvwQ=w —]N —=yQorta xwQo —va˝ ’s=a —]N xwQo GL(V, C) s˝vm ZQi ?r]t uOW uWwQ s˝y=wN—t xm CU= u˝= hOy ’OW=@ pwOt C G l˝ V D : G → GL(V, C) g −→ D(g) D(g) : V → V =:t= ’OwW h˝ QaD D(g) O˝=@ Qw˙vt u˝= —=Q@ ”OwW p˝O@D G R= —DN˝ Qty l˝ x@ xm s˝vm h˝ QaD —Qw] =Q

s˝vm—t h˝ QaD v ∈ V —=Q@ ”OQm Oy=wN XNWt,qt=m =Q D ’D(g) -x]@=[ h˝ QaD w CU= Q˝PBvwQ=w —]N Qorta l˝ (v)D(g) = v.g TmaQ@ =˝; s˝UQB@ xm CU= u˝= —a˝@] —r=-wU ”CU= G R= —DN˝ Qty l˝ D uwvm = xm OwW—t —UQQ@ —DL=Qx@ w x@ s˝v=wD—t =˝; OW=@ xOW xO=O D : G → GL(V, C) —DN˝ Qty Qo = xmv˝= —va˝ ”xv =˝ CU= Q :U˝t R˝v Q=m u˝= —DN˝ Qty —=Q@ —va˝ ’CU= C@Ft R˝v p=-wU u˝= ?=wH ‘k=w QO ”xv =˝ s˝vm pO@D pwOt C G l˝ x@ =Q V u; ltm Qr=mU= QO ?Q[ w CU= RyHt u; x@ —Q=OQ@ —=[i C u=wvax@ xm —atH =@ V ’D : G → GL(V, C) -xOW xO=O h˝ QaD =@ · : V × C G → V v.g = (v)D(g)

G —=[a= u=ty xm C G —=x˝=B —=[a= —=Q@ “ki =Q Qr=mU= QO ?Q[ s˝vm—t xHwD ”OwW—t p˝O@D pwOt C G l˝ x@ ”s˝=xOQm h˝ QaD ’OvDUy OwHwt G —=y—DN˝ Qty R= —=xOQ w =ypwOt C G R= —=xOQ u˝@ l˝ORv —]=@DQ= xm s˝@=˝—t QO ’s˝Dio xJv; x@ xHwD =@ =Q —Q=Pot=v u˝= Q˝ R h˝ QaD ”—t=v uDW=O -xDU˝=W w OvDUy C˝ty= =@ Q=˝U@ G —=y—DN˝ Qty R= X=N -xOQ u˝= ”CU= ”Ovm—t —tUQ

xwQo R= V˝=tv l˝ D : G → GL(V, C) —DN˝ Qty Qy x@ ”OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 1”1”0 h˝ QaD ”s˝t=v—t V˝=tv_-xHQO R˝v =Q m —va˝ ’V Oa@ ”s˝˝wo—t G xwQo R= V˝=tv l˝ Q=YDN= x@ =˝ w V —W˝=tv —=[i =@ G

l˝ x@ =Q V ’V —W˝=tv —=[i =@ G xwQo R= V˝=tv Qy ’s˝OQm xQ=W= 1”1”0 h˝ QaD R= p@k xJv; x@ xHwD =@ 2”1”0 QmPD CUOx@ V —W˝=tv —=[i =@ G xwQo R= V˝=tv l˝ ’OW=@ pwOt C G l˝ V Qo = TmaQ@ w Ovm—t p˝O@D pwOt C G ”O˝;—t

”OvW=@ G xwQo R= V˝=tv wO D_2 : G → GL(V_2, C ) w D_1 : G → GL(V_1, C ) s˝vm ZQi 3”1”0 h˝ QaD u˝= Q˝e QO ”Ovvm p˝O@D CN˝ Qm˝ pwOt C G wO x@ =Q V_2 w V_1 ’D_2 w D_1 x=oQy s˝t=v—t RQ=sy V˝=tv wO =Q D_2 w D_1 ”s˝t=v—t RQ=sy Q˝e V˝=tv wO =Q D_2 w D_1 CQwY

—va˝ ”OvDUy xDUy —=Q=O R˝v G xwQo —=yV˝=tv =Pr ’OW=@—t xDUy —=Q=O G xwQo R= —DN˝ Qty Qy xmv˝= x@ xHwD =@ Qorta I u; QO xm OwW—t h˝ QaD Q˝ R CQwYx@ ’Ker D ’D_-xDUy G xwQo R= D : G → GL(V, C) V˝=tv —=Q@ ”CU= —v=ty Q˝PBvwQ=w —]N Ker D = {g ∈ G | D(g) = I}. ”Ker D = {1} x=oQy s˝t=v—t Q=O=iw =Q G —y=vDt xwQo R= D : G → GL(V, C) V˝=tv 4”1”0 h˝ QaD

p˝mWD =Q K˝LY O=Oa= —v=tDN=U —=ymwr@ ‘k=w QO w OvQ=O =Q —=xS˝w Vkv K˝LY O=Oa= -xar=]t QO p:w= O=Oa=

C G =yv; w Ovvm—t —R=@ =Q p_:w= O=Oa= Vkv xm OvOwHwt =yv; R= xS˝w —=xOQ R˝v =ypwOt C G -xar=]t QO ”OvyO—t

O˝; QUx@ Qmi u˝= xm CU= K[=w ”OvQ=Ov —ak=w pwOtQ˝ R C G xm —˝=ypwOt C G —va˝ ’OvDUy Q˝PB=vp˝ wLD —=ypwOt h˝ QaD ”—t=v uDW=O -xDU˝=W w OvW=@ xDW=O C˝ty= Ov˝;—t CUOx@ =ypwOt C G ‘wv u˝= R= xm G xwQo R= —˝=yV˝=tv xm ”Ovm—t —tUQ =Q —Q=Pot=v u˝= Q˝ R

—=[i ’D x=oQy s˝t=v—t Q˝PB=vp˝ wLD V˝=tv =Q G —y=vDt xwQo R= D : G → GL(V, C) V˝=tv 5”1”0 h˝ QaD ”Ovm p˝O@D Q˝PB=vp˝wLD pwOt C G l˝ x@ =Q V

QO ”s˝ Q˝o—t Q˙v QO C —wQ —Oa@ m —Q=OQ@ —=[i l˝ =Q V ”OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 6”1”0 p=Ft l˝ ’OW=@—t —v=ty Q˝PBvwQ=w —]N Qorta I u; QO xm ’D(g) = I h˝ QaD =@ D : G → GL(V, C) CQwY u˝= l˝ D x=ov; ’m = 1 —va˝ ’OwW ZQi l˝ Q@=Q@ V —=[i Oa@ Qo = ”G —y˝O@ V˝=tv x@ hwQat CU= G xwQo V˝=tv ”G —rY= V˝=tv x@ hwQat Ow@ Oy=wN G xwQo Q˝PB=vp˝wLD V˝=tv

”Ovm—t pta Ω —wQ G s˝ Q˝o ”—w[a m -xawtHt l˝ Ω w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 7”1”0 p=Ft h˝ QaD =@ ”s˝ Q˝o—t Q˙v QO {e_w|w ∈ Ω} -x˝=B =@ —Oa@ m —Q=OQ@ —=[i l˝ =Q V e_w.g = e_g−1_{.w} V˝=tv =Q V˝=tv u˝= ”O˝;—t CUOx@ D : G → GL(V, C) V˝=tv =Pr w OwW—t p˝O@D pwOt C G l˝ x@ V ”s˝t=v—t G —DWo˝=H

”C —wQ Oa@ —y=vDt —Q=OQ@ —=[i l˝ V w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi ”ıxmWt -x˝[kȷ 8”1”0 -x˝[k

”CU= Q˝PB=vp˝wLD —=ypwOt C G R= —t˝kDUt ‘tH pY=L pwOt C G u=wvax@ V CQwY u˝= QO

xHwD =@ ‘k=w QO ”Ovm—t XNWt =Q G xwQo Q˝PB=vp˝wLD —=yV˝=tv -xar=]t C˝ty= xmWt -x˝[k xm s˝vm—t xHwD —=yV˝=tv -xar=]t =Pr w OQm u=˝@ xwQo u; Q˝PB=vp˝wLD —=yV˝=tv ?ULQ@ u=wD—t =Q G xwQo V˝=tv Qy x˝[k u˝= x@ ”Ow@ Oy=wN —i=m G Q˝PB=vp˝wLD xwQo —=yDWQU -xar=]t ”CU= hwQat G xwQo R= —DWQU x@ xm s˝vm—t Q˝˙v —a@=D ’G xwQo V˝=tv Qy x@ uwvm = ”CU= —y=vDt —=yxwQo —=yxN=W u˝ QDx@P=H QB R= —m˝ xm OQw;—t OwHwx@ =Q —y=vDt —=yxwQo CWQU -x˝ Q˙v ’G —y=vDt —y=vDt —=yxwQo -x˝ Q˙v QO OQHt p˝=Ut x@ xrtL —=Q@ —Q=R@= x˝ Q˙v u˝= uwvm = xm CU= xOw@ —OL =D x˝ Q˙v u˝= CiQW˝B ”CU= xOW

‘@=D ”G xwQo R= V˝=tv l˝ D : G → GL(V, C) w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 9”1”0 h˝ QaD QF= ’tr D(g) R= Qw˙vt u; QO xm s˝t=v—t G —y=vDt xwQo R= —DWQU =Q χ(g) = tr D(g) h˝ QaD =@ χ : G → C ”CU= D(g) Q˝PBvwQ=w —]N Qorta u˝= QO ”m -xHQO R= G xwQo R= —W˝=tv D : G → GL(V, C) w OW=@ —y=vDt xwQo l˝ G s˝ Q˝o 10”1”0 QmPD -xHQO =@ CU= Q@=Q@ χ(1) =Pr ”CU= G —=Q@ —FvN w[a 1 u; QO xm ’ χ(1) = tr D(1) = tr I = m CQwY ”CU= xOW Q˝˙v u; x@ χ xm —W˝=tv

s˝t=v—t —]N CWQU =Q χ ”u; R= —DWQU χ : G → C w OW=@ —y=vDt —ywQo G s˝vm ZQi 11”1”0 h˝ QaD ”χ(1) = 1 Qo =

w χ_1 ”u; R= CWQU wO χ_2 : G → C w χ_1 : G → C w OW=@ —y=vDt —ywQo G s˝vm ZQi 12”1”0 h˝ QaD u˝= Q˝e QO ”OvW=@ RQ=sy V˝=tv wO ’OvQw;—t O˝OB =Q χ_2 w χ_1 xm —˝=yV˝=tv x=oQy s˝t=v—t RQ=sy CWQU wO =Q χ_2 ”s˝t=v—t RQ=sy Q˝e CWQU wO =Q χ_2 w χ_1 CQwY

χ_-xDUy CQwY u˝= QO ”G R= CWQU l˝ χ : G → C w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 13”1”0 h˝ QaD =Q χ ’Ker χ = {1} Qo = ”OQw;—t O˝OB =Q χ xm s˝vm—t h˝ QaD —W˝=tv -xDUy =Q s˝yO—t V˝=tv Ker χ =@ =Qv; xm ”s˝t=v—t Q=O=iw CWQU

CQwY u˝= QO ”G R= —DWQU χ : G → C w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 14”1”0 -x˝[k ”Ker χ = {g ∈ G | χ(g) = χ(1)}

G Q˝PB=vp˝ wLD CWQU =Q χ ”u; R= —DWQU χ : G → C w OW=@ —y=vDt —ywQo G s˝vm ZQi 15”1”0 h˝ QaD I(G) =@ =Q G Q˝PB=vp˝wLD —=yDWQU s=tD -xawtHt ”OW=@ Q˝PB=vp˝wLD CU= xOW Q˝˙v u; x@ χ xm —W˝=tv x=oQy s˝t=v—t ”s˝yO—t V˝=tv

”s˝ Q˝o—t Q˙v QO C —wQ —Oa@ m —Q=OQ@ —=[i l˝ =Q V ”OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 16”1”0 p=Ft ”χ(g) = m h˝ QaD =@ χ : G → C R= CU= CQ=@a O˝;—t CUOx@ 6”1”0 p=Ft QO xOW h˝ QaD V˝=tv R= xm —DWQU Q˝PB=vp˝wLD —DWQU χ(g) = 1 h˝ QaD =@ χ : G → C ’m = 1 Cr=L QO ”s˝t=v—t G —y˝O@ CWQU =Q CWQU u˝= ”OvyO—t V˝=tv 1_G =@ χ —=Hx@ =Qv; ,qwtat w G —rY= CWQU x@ hwQat CU= G R=

D w Ovm pta Ω —wQ G s˝ Q˝o ”—w[a m -xawtHt l˝ Ω w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 17”1”0 p=Ft R= CU= CQ=@a OQw;—t O˝OB V˝=tv u˝= xm —DWQU ”s˝OQm —iQat 7”1”0 p=Ft QO xm s˝ Q˝o—t Q˙v QO G R= —W˝=tv =Q u˝= ”CU= C@=F g CLD xm CU= Ω R= —˝=[a= O=OaD |fix(g)| u; QO xm χ(g) = |fix(g)| h˝ QaD =@ χ : G → C ”s˝t=v—t G —DWo˝=H CWQU =Q CWQU

—awtHt =@ CU= Q@=Q@ G xwQo R= —DWQU Qy ’xmWt -x˝[k Q@=v@ ”OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 18”1”0 QmPD s˝U˝wv@ s˝v=wD—t ’χ CWQU -x˝ RHD QO OwHwt Q˝PB=vp˝wLD —=yDWQU Q=QmD ?=UDL= =@ ”G Q˝PB=vp˝wLD —=yDWQU R= ”I(G) R= —˝=[a= χ_s’. . . ’χ_1 w OvDUy C@Ft K˝LY O=Oa= n_s’. . . ’n_1 u; QO xm χ = n_1χ_1 + · · · + n_sχ_s

CWQU —=Q=O V˝=[a= O=OaD x@ G x=ov; ’OW=@ —r@; G Qo = ”OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 19”1”0 QmPD —=Q=O G CQwY u˝= QO ’OW=@ n -x@DQt R= w —QwO G = ⟨a⟩ Qo = XNq=@ ”|I(G)| = |G| —va˝ ’CU= Q˝PB=vp˝wLD w 0 ≤ j ≤ n − 1 u; QO xm χ_j (a^k) = exp(^{2πijk}_n ) h˝ QaD =@ χ_j : G → C %CU= Q˝PB=vp˝wLD CWQU n ”i^2 = −1

u˝= Q˝PB=vp˝wLD —=yDWQU C˝a[w Q˝ R -x˝[k ”s˝vm —UQQ@ =Q —DtUk GQ=N —=yxwQo —=yDWQU s˝y=wN—t uwvm = ”Ovm—t XNWt =Q =yxwQo

χ : G → C Qo = ”G R= p=tQv —ywQoQ˝ R N w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 20”1”0 -x ˝ [ k

= @ χ̃ : G/N → C ‘ @= D CQw Y u ˝= QO ’N ⊆ Ker χ x m C ˝ Y= N u ˝= = @ O W= @ G R= — D WQ U

G/N R= — D WQ U χ̃ : G/N → C Q o = ’T m aQ @ ”C U= G/N R= — D WQ U χ̃(Ng) = χ(g) -x ] @= [

x m C ˝ Y= N u ˝= = @ C U= G R= — D WQ U χ(g) = χ̃(Ng) -x ] @= [ = @ χ : G → C ‘ @= D x= o v; ’O W= @ ”OW=@ Q˝PB=vp˝wLD χ̃ Qo = “ki w Qo = CU= Q˝PB=vp˝wLD χ XNq=@ ” N ⊆ Ker χ

CQwY u˝= QO ”G R= p=tQv —ywQoQ˝ R N w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 21”1”0 -xH˝Dv I(G/N) = {χ̃ | χ ∈ I(G), N ⊆ Ker χ}. Q=˝U@ “@=wQ u˝= R= —=xOQ ”s˝yO KQW CU= Q=QkQ@ G Q˝PB=vp˝wLD —=yDWQU u˝@ xm =Q —]@=wQ s˝y=wN—t uwvm = ”OvDUy QwyWt Ot=aD “@=wQ x@ OvyO—t s=Hv= —QwUv=D uQ=kD Tqm -x˝ Q˙v QO =Q —R=UxO=U Q=m xm ?˝Ha

”OW=@ —y=vDt xwQo l˝ G s˝vm ZQi ”ıp_:w= ‘wv Ot=aD_-x]@=Qȷ 22”1”0 -x˝[k x= o v; ’O v W= @ G R= RQ=s y Q ˝ e w Q ˝P B= vp ˝w L D C WQ U wO χ_2 : G → C w χ_1 : G → C Q o = ıhr= ’ ∑ g∈G χ_1(g)χ_2(g^{−1}) = 0 ” ∑ g∈G χ(g)χ(g^{−1}) = |G| x=ov; ’OW=@ G R= Q˝PB=vp˝wLD —DWQU χ : G → C Qo = ı?

—=yV˝=tv Qo = “ki w Qo = Ov=R˝=tDt G R= Q˝PB=vp˝wLD CWQU wO ”OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 23”1”0 -xH˝Dv ”OvW=@ RQ=sy Q˝e OvQw;—t O˝OB =Q CWQU wO u˝= xm —Q˝PB=vp˝wLD

”ıQ˝PB=vp˝wLD ,=twRr xvȷ G R= x=wNrO —DWQU χ : G → C w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 24”1”0 -x˝[k ”CU= χ(g) “rDNt GwORt χ(g) u; QO xm χ(g) = χ(g^{−1}) ’g ∈ G Qy —=Q@ CQwY u˝= QO

CQwY u˝= QO ”g, h ∈ G w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi ”ıswO ‘wv Ot=aD_-x]@=Qȷ 25”1”0 -x˝[k ∑ χ∈I(G) χ(g)χ(h^{−1}) =

|C_G(g)| %OvW=@ GwORt G QO h w g Qo = 0 %OvW=@v GwORt G QO h w g Qo =

”CU= G QO g R=URmQt C_G(g) u; QO xm

CQwY u˝= QO ”G R= Q˝PB=vp˝wLD CWQU l˝ χ : G → C w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 26”1”0 -x˝[k ” ∑ χ∈I(G) χ(1)^2 = |G|

u=Wv s˝v=wD—t —DL=Qx@ CQwY u˝= QO ”Ovm pta Ω -xawtHt —wQ w OW=@ —y=vDt —ywQo G s˝ Q˝o 27”1”0 QmPD —DWQU χ(g) = |fix(g)| − 1 -x]@=[ =@ χ : G → C Qo = “ki w Qo = CU= —r=kDv=ˇ2 ’Ω —wQ G pta xm s˝yO ”OW=@ G R= Q˝PB=vp˝wLD

”OW=@ —y=vDt xwQo l˝ G s˝vm ZQi ”ıxDi=˝s˝taD Ot=aD_-x]@=Qȷ 28”1”0 -x˝[k

’h ∈ G Qy —=Q@ x=ov; ’OvW=@ G R= RQ=sy Q˝e w Q˝PB=vp˝wLD CWQU wO χ_2 : G → C w χ_1 : G → C Qo = ıhr= ’ ∑ g∈G χ_1(g^{−1}h)χ_2(g) = 0 . ∑ g∈G χ(g^{−1}h)χ(g) =^{|G|}_{χ(1)} χ(h) ’h ∈ G Qy —=Q@ x=ov; ’OW=@ G R= Q˝PB=vp˝wLD —DWQU χ : G → C Qo = ı?

”OvQ=O —D@=F Q=Okt ’G G˝wRD —=yTqm —wQ xm OvQ=O OwHw C x@ G R= ‘@=wD R= —Y=N -xOQ ’G —y=vDt xwQo —=Q@ f : G → C Qo = —va˝ ”OvyO—t V˝=tv C(G, C) =@ =Q ‘@=wD u˝= s=tD -xawtHt w Ovt=v—t —Uqm ‘@=wD =Q ‘@=wD u˝=

‘@=wD —rwtat ?Q[ w ‘@=wD —rwtat ‘tH ”f(g) = f(h^{−1}gh) %G R= h w g Qy —=Q@ ’OW=@ C(G, C) R= —w[a —=[i C u˝= Oa@ s˝yO u=Wv s˝v=wD—t —DL=Qx@ ”Ovm—t p˝O@D C —wQ —Q=OQ@ —=[i l˝ x@ =Q C(G, C) ’Qr=mU= QO -x]@=[ =@ ( , )G : C(G, C) × C(G, C) → C ‘@=D ”G G˝wRD —=yTqm O=OaD =@ CU= Q@=Q@ —Q=OQ@ (f_1, f_2)_G = 1 |G| ∑ g∈G f_1(g)f_2(g)

”Ovm—t p˝O@D C —wQ —rN=O ?Q[ —=[i l˝ x@ =Q C(G, C ) ’CU= f_2(g) “rDNt GwORt f_2(g) u; QO xm

χ CQwY u˝= QO ”G R= Q˝PB=vp˝wLD —DWQU χ : G → C w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 29”1”0 -x˝[k ”I(G) ⊆ C(G, C) —va˝ ’CU= —Uqm ‘@=D l˝

”G R= Q˝PB=vp˝wLD CWQU wO χ_2 : G → C w χ_1 : G → C w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 30”1”0 QmPD 24”1”0 -x˝[k Q@=v@ (χ_1, χ_2)_G = 1 |G| ∑ g∈G χ_1(g)χ_2(g^{−1}).

s˝ Q=O I(G) R= χ_2 w χ_1 —=Q@ 23”1”0 -xH˝Dv w 22”1”0 -x˝[k Q@=v@ xm s˝vm—t xHwD

(χ_1, χ_2)_G =

0 : χ_1 ≠ χ_2 Qo = 1 : χ_1 = χ_2 Qo = xH˝Dv QO ”Ow@ Oy=wN —]N pkDUt C(G, C) QO ,=twRr w CU= C(G, C ) R= x:m˝ w Ot=aDt -xawtHtQ˝ R l˝ I(G) =Pr w

|I(G)| ≤ dim C(G, C ) = G G˝wRD —=yTqm O=OaD

”OyO—t MQ —w=UD ,=k˝kO =Hv˝= QO xm CU= u; R= —m =L Q˝ R -x˝[k

=@ CU= Q@=Q@ G Q˝PB=vp˝wLD —=yDWQU O=OaD CQwY u˝= QO ”OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 31”1”0 -x˝[k —va˝ ’G G˝wRD —=yTqm O=OaD

|I(G)| = G G˝wRD —=yTqm O=OaD

”OyO—t xv =˝ w CU= Q˝PB=vp˝wLD G —y=vDt xwQo R= CWQU l˝ xmv˝= X˝NWD —=Q@ O˝it —mLt R˝v Q˝ R -x˝[k

Q˝PB=vp˝wLD χ CQwY u˝= QO ”G R= —DWQU χ : G → C w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 32”1”0 -x˝[k ”(χ, χ)_G = 1 Qo = “ki w Qo = CU=

—rwOH ”G G˝wRD —=yTqm O=OaD =@ CU= Q@=Q@ G —y=vDt xwQo Q˝PB=vp˝wLD —=yDWQU O=OaD s˝O˝O xm Qw]v=ty s=tD Q=Okt xm CU= —rwOH ’OwW—t u˝at G G˝wRD —=yTqm -xOv˝=tv —wQ G Q˝PB=vp˝wLD —=yDWQU Q˝O=kt u; QO xm —Q=m u; p˝tmD,qwtat xm —rwOH u˝vJ -x@U=Lt —=Q@ ”Ovm—t XNWt G —=[a= s=tD —wQ =Q G Q˝PB=vp˝wLD —=yDWQU Q˝PB=vp˝ wLD —=yDWQU pwOH x@ pwOH ‘wv u˝= ”Ovvm—t xO=iDU= =yDWQU X=wN Qo˝O w Ot=aD “@=wQ R= ’Q=wWO CU= ”OW=@—t hwQat G xwQo H x@ χ O˝OLD ’OW=@ G R= —DWQU χ : G → C Qo = ”G R= —ywQoQ˝ R H w OW=@ —y=vDt —ywQo G s˝vm ZQi ?=H˝= =Q χ ↓_H —Q˝PB=vp˝wLD ’χ —Q˝PB=vp˝wLD xm s˝vm—t xHwD ”Ow@ Oy=wN H R= —DWQU χ ↓_H : H → C —va˝ #xv =˝ s˝UQ@ G R= —DWQU x@ s˝v=wD—t H R= —DWQU ltm x@ =˝; s˝UQB@ xm CU= u˝= —a˝@] —r=-wU uwvm = ”Ovm—tv CUOx@ s˝yO—t KQW Q˝ R QO xm —WwQ x@ xm H R= —DWQU ltm x@ xm G R= —DWQU w CU= C@Ft p=-wU u˝= x@ ?=wH ”s˝ R=OQB—t ‘w[wt u˝= KQW x@ Q˝ R QO ”OQ=O s=v —˝=kr= CWQU O˝;—t —DN˝ Qty ”OW=@ H R= —DWQU χ : H → C s˝vm ZQi ”G R= —ywQoQ˝ R H w OW=@ —y=vDt xwQo l˝ G s˝ Q˝o pwOt C H l˝ V xH˝Dv QO ’OQw;—t O˝OB =Q χ xm CU= V —W˝=tv —=[i =@ H R= —W˝=tv D : H → GL(V, C) w V %s˝ Qw;—t CUOx@ pwOt C H wO =Pr ”s˝ Q˝o@ Q˙v QO pwOt C H l˝ u=wvax@ =Q C G s˝v=wD—t ”Ow@ Oy=wN %s˝yO—t V˝=tv V ↑^G =@ =Qv; w s˝ Q˝o—t Q˙v QO =Q pwOt C H wO u˝= —QwUv=D ?Q[rY=L uwvm = ”C G V ↑^G= V ⊗ CH C G. G R= —DWQU xm O˝;—t CUOx@ D ↑^G: G → GL(V ↑^G, C ) V˝=tv =Pr w CU= pwOt C G l˝ Q=DN=U —=Q=O V ↑^G —Q˝PB=vp˝wLD ’χ —Q˝PB=vp˝wLD xm s˝vm—t xHwD ”s˝yO—t V˝=tv χ ↑^G =@ =Qv; w —˝=kr= CWQU x@ hwQat Ovm—t ¡=kr= ”Ovm—tv ?=H˝= =Q χ ↑^G

—=Q@ CQwY u˝= QO ”H R= —DWQU χ w G R= —ywQoQ˝ R H w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 33”1”0 -x˝[k u; QO xm χ ↑^G (g) =^1_{|H|} ∑ y∈G χ^0(ygy^{−1}) ’g ∈ G Qy

χ^0(g) = χ(g) : g ∈ H Qo = 0 : g ∉ H Qo =

”s˝ Qw; CUOx@ =Q Q˝ R xH˝Dv s˝v=wD—t u; ltm x@ w OyO—t CUOx@ —˝=kr= CWQU -x@U=Lt —=Q@ —=x]@=[ ’q=@ -x˝[k

Q=O˝=B R˝v =Q H ”Ovm—t pta —r=kDv= Qw]x@ Ω -xawtHt —wQ xm OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 34”1”0 -xH˝Dv —va˝ ’Ow@ Oy=wN —DWo˝=H CWQU 1_H ↑^G CQwY u˝= QO ”ω ∈ Ω ’H = G_ω %s˝ Q˝o—t Q˙v QO Ω R= —=x]kv R=U ”1_H ↑^G (g) = |fix(g)| ’g ∈ G Qy —=Q@

—DWQU χ Qo = ”G R= —ywQoQ˝ R H w OW=@ —y=vDt xwQo l˝ G s˝vm ZQi ”ıTw˝v@ wQi p@=kD uwv=kȷ 35”1”0 -x˝[k ”(ψ, χ ↓_H )_H = (ψ ↑^G, χ)_G x=ov; ’OW=@ H R= —DWQU ψ w G R=

—]N OvJ Q@H 2ˇ0

—]N OvJ Q@H QO —FL=@t s=vx@ —UQO R= —DtUk ‘k=w QO w OvDUy —DvU p@k VN@ Ovv=t R˝v VN@ u˝= ?r=]t s=tD =Q xr=UQ u˝= —rY= u=tDN=U xm sQ=yJ =D p:w= pwYi QO xm —QwUv=D uQ=kD Tqm ”OwW—t T˝ QOD —QDmO -xQwO QO xm Q@H R= xm CU= —D˝y=t —=Q=O xm CU= X=N —Q=OQ@ —=[i l˝ R= —˝=[iQ˝ R ‘k=w QO OW Oy=wN KQ]t OvyO—t p˝mWD —=Q@ —D=@F= xH˝Dv QO w CU= xr=UQ —rY= pwYi uOQm xar=]t QDCL=Q —=Q@ R˝v VN@ u˝= =Pr ”OwW—t —W=v —]NOvJ ‘H=Qt x@ u; s=mL= C=@F= w VN@ u˝= s˝y=it QDj˝ta -xar=]t CyH =Q Ovtxkqa -xOvv=wN ”OQm s˝y=wNv x¨=Q= u; s=mL= ”s˝yO—t ‘=HQ= [17] w [14] ’[13] Q=@ n O=OaD x@ OwN =@ V —DQ=mO ?Q[rY=L =Q^n×V ”OW=@ C —wQ Oa@ —y=vDt —Q=OQ@ —=[i l˝ V s˝vm ZQi ”s˝ Q˝o—t Q˙v QO

n ‘@=D l˝ =Q ϕ :^n×V → U ‘@=D ”OvW=@ C —wQ Oa@ —y=vDt —Q=OQ@ —=y=[i U w V s˝vm ZQi 1”2”0 h˝ QaD %v_i, v^′_i ∈ V w c, d ∈ C Qy —=Q@ —va˝ ”OW=@ —]N xir-wt Qy x@ C@Uv ϕ x=oQy s˝t=v—t —]N

ϕ(v_1, . . . , cv_i + dv^′_i, . . . , v_n) = cϕ(v_1, . . . , v_i, . . . , v_n) + dϕ(v_1, . . . , v^′_i, . . . , v_n).

—iQat OQ=O l˝ORv —]=@DQ= —]N n ‘@=D swyit =@ w OwW—t xDN=U V ltm x@ xm =Q —Q=OQ@ —=y=[i C R= —m˝ uwvm = ”OQ=O —O˝rm Vkv —]N OvJ Q@H QO =[i u˝= ”s˝vm—t

n ×V -xawtHt —wQ O=R; —r@; xwQo =Q F ”OW=@ C —wQ Oa@ —y=vDt —Q=OQ@ —=[i l˝ V s˝vm ZQi 2”2”0 h˝ QaD CQwYx@ —˝=[a= -x˝rm R= pmWDt B -xawtHt s˝vm—t ZQi w s˝ Q˝o—t Q˙v QO

(v_1, . . . , cv_i + dv^′_i, . . . , v_n) − c(v_1, . . . , v_i, . . . , v_n) − d(v_1, . . . , v^′_i, . . . , v_n)

GQ=N xwQo CQwY u˝= QO ”OwW—t O˝rwD B “UwD xm OW=@ F R= —ywQoQ˝ R K s˝ Q˝o ”OW=@ v_i, v^′_i ∈ V w c, d ∈ C ”s˝yO—t V˝=tv^n⊗V =@ =Qv; w s˝t=v—t Q=@ n O=OaD x@ OwN =@ V —QwUv=D ?Q[rY=L =Q F/K —DtUk

CQwY u˝= QO ”V R= —˝=[a= v_n’. . .’v_1 w OW=@ C —wQ Oa@ —y=vDt —Q=OQ@ —=[i l˝ V s˝vm ZQi 3”2”0 QmPD Q˝PBx˝ RHD QwUv=D l˝ u; x@ w s˝yO—t V˝=tv v^⊗ = v_1 ⊗ · · ·⊗ v_n =@ =Q (v_1, . . . , v_n) + K ∈ F/K =^n⊗V w[a ”s˝˝wo—t

QO ?Q[ s˝y=wN—t uwvm = ”s˝=xDN=U =Q^n⊗V —r@; xwQo ’C —wQ V Oa@ —y=vDt —Q=OQ@ —=[i —wQ R= uwvm =D

c ∈ C Qr=mU= QO ?Q[ Qw˙vt u˝= —=Q@ ”OOQo p˝O@D —Q=OQ@ —=[i C l˝ x@^n⊗V =D s˝vm h˝ QaD^n⊗V —wQ —Qr=mU=

CQwYx@^n⊗V —wQ =Q c(v_1 ⊗ · · · ⊗ v_n) = cv_1 ⊗ · · · ⊗ v_n = · · · = v_1 ⊗ · · · ⊗ cv_n ‘k=w QO —QwUv=D uQ=kD Tqm ”CU= C —wQ —Q=OQ@ —=[i l˝^n⊗V s˝vm —UQQ@ s˝v=wD—t —DL=Qx@ ”s˝vm—t h˝ QaD

C l˝^n⊗V ’OwW ZQi {e1, . . . , em} x˝=B =@ —Oa@ m —Q=OQ@ —=[i C l˝ V Qo = ”OW=@—t^n⊗V R= —˝=[iQ˝ R

u; QO xm CU= xOW p˝mWD e^⊗_α = e_{α1} ⊗ · · · ⊗ e_{αn} CQwYx@ —˝=[a= R= u; -x˝=B w CU= —Oa@ m^n —Q=OQ@ —=[i w c, d ∈ C Qy —=Q@ xm s˝vm —UQQ@ s˝v=wD—t —DL=Qx@ ”1 ≤ α_i ≤ m xm OQ=O =Q C˝Y=N u˝= α = (α_1, . . . , α_n) —w=UD v_i, v^′_i ∈ V v_1 ⊗ · · · ⊗ (cv_i + dv^′_i) ⊗ · · · ⊗ v_n = c(v_1 ⊗ · · · ⊗ v_i ⊗ · · · ⊗ v_n) + d(v_1 ⊗ · · · ⊗ v^′_i ⊗ · · · ⊗ v_n) l˝ ⊗(v_1, . . . , v_n) = v_1 ⊗ · · · ⊗ v_n -x]@=[ =@ ⊗ :^n×V →^n⊗V ‘@=D xm CU= u; R= —m =L u˝= w CU= Q=QkQ@ ”s˝vm—t xQ=W= CU= hwQat —v=yH C˝Y=N x@ xm —QwUv=D ?Q[rY=L R= —D˝Y=N x@ Q˝ R QO ”CU= —]N n ‘@=D

”OW=@ C —wQ Oa@ —y=vDt —Q=OQ@ —=[i l˝ V s˝vm ZQi ”ı—QwUv=D ?Q[rY=L —v=yH C˝Y=Nȷ 4”2”0 -x˝[k OQix@ QYLvt —]N p˝O@D ’ψ :^n×V → U —]N n ‘@=D Qy w U Oa@ —y=vDt —Q=OQ@ —=[i C Qy —=Q@ CQwY u˝= QO

”f⊗ = ψ —va˝ ’Ovm—t —˝=Hx@=H =Q Q˝ R Q=Owtv xm CU= OwHwt f :^n⊗V → U n ×V^⊗−→^n⊗V ψ ↓ ↙ f U ?Q[ u˝= ”OW=@ RyHt —rN=O ?Q[ l˝ x@ V —va˝ ’OW=@ C —wQ —Oa@ m —v=m˝ —=[i l˝ V s˝vm—t ZQi uwvm = %CU= Q˝ R CQwYx@ Q˝PBx˝ RHD —=yQwUv=D —wQ u; pta xm Ovm—t ¡=kr=^n⊗V —wQ =Q —Qo˝O —rN=O ?Q[ ’—rN=O ⟨u_1 ⊗ · · · ⊗ u_n | v_1 ⊗ · · · ⊗ v_n⟩ = n∏ i=1 ⟨u_i|v_i⟩. ”s˝ Q˝o—t Q˙v QO q=@ —rN=O ?Q[ =@ —v=m˝ —=[i =Q^n⊗V ’s˝vm ZQi —v=m˝ —=[i =Q V Qo = TB u˝= R=

pw= pYi

—QwUv=D uQ=kD Tqm

ltmx@ =yR=UuQ=kDt ”OQm s˝y=wN —UQQ@ =Q =yR=UuQ=kDt 1 VN@ QO ”CU= xOW p˝mWD VN@ wO R= pYi u˝= —=y=[i Q˝wYD ”OvW=@—t —QwUv=D —=y=[i —wQ —]N —=yQorta w Ov˝;—t CUOx@ G xwQo R= Q˝PB=vp˝wLD —=yDWQU xHwD ”CN=OQB s˝y=wN u; —UQQ@ x@ 2 VN@ QO xm OQw;—t O˝OB =Q —QwUv=D uQ=kD Tqm ’=yR=U uQ=kDt CLD —QwUv=D A=J x@ —rrtr=u˝@ CqHt QO Q˝N= p=U 30 —] QO xm Ov=xOw@ —D=k˝kLD —=yQ=m pYi u˝= ?r=]t s=tD xm s˝vm—t ı[17] x@ O˝vm x=ovȷ “wU@t —@=Dm QO =Q ?r=]t u˝= s=tD OW=@—t xN=W u˝= u=Q=Pov=˝v@ R= —m˝ xm R˝v T˝ Qt w Ov=xO˝UQ =Q G ’s˝vm—t ZQi C —wQ —Oa@ m —Q=OQ@ —=[i =Q V pYi u˝= QU=QU QO xm s˝vm—t CkO ”CU= xOQm —Qw;‘tH ”G R= Q˝PB=vp˝wLD —DWQU R˝v =Q χ w $_n uQ=kDt xwQo R= —ywQoQ˝ R

=yR=U uQ=kDt 1ˇ1

xwQo R= —ywQoQ˝ R G s˝vm—t ZQi u˝vJty ”OW=@ C —wQ —Oa@ m —Q=OQ@ —=[i V s˝vm—t ZQi VN@ u˝= QO ”G R= Q˝PB=v p˝wLD —DWQU χ w OW=@ $_n uQ=kDt

-x]@=[ =@ =Qv; xm A(σ) :^n×V →^n⊗V ‘@=D x@ ”σ ∈ G s˝vm ZQi 1”1”1 h˝ QaD

A(σ)(v_1, . . . , v_n) = v_σ−1_{(1)} ⊗ · · · ⊗ v_σ−1_{(n)}

”s˝˝wo—t —DWo˝=H ‘@=D s˝vm—t h˝ QaD

%v_i, v^′_i ∈ V w c, d ∈ C Qy —=Q@ 2”1”1 QmPD

A(σ)(v_1, . . . , cv_i + dv^′_i, . . . , v_n) = cA(σ)(v_1, . . . , v_i, . . . , v_n) + dA(σ)(v_1, . . . , v^′_i, . . . , v_n).

OQix@ QYLvt —]N Qorta ’4”2”0 -x˝[k ’—QwUv=D ?Q[rY=L —v=yH C˝Y=N Q@=v@ ”CU= —]N n —a@=D A(σ) —va˝ —va˝ ’Ovm—t —˝=Hx@=H =Q Q˝ R Q=Owtv xm CU= OwHwt ’—DWo˝=H Qorta x@ hwQat ’P (σ) :^n⊗V →^n⊗V ”P (σ)⊗ = A(σ) n ×V^⊗−→^n⊗V A(σ) ↓ ↙ P (σ) n ⊗V %CU= Q˝ R CQwYx@ Q˝PBx˝ RHD —=yQwUv=D —wQ P (σ) pta xm CU= —vat u˝= x@ R˝v u˝=

P (σ)(v_1 ⊗ · · · ⊗ v_n) = v_σ−1_{(1)} ⊗ · · · ⊗ v_σ−1_{(n)}.

=@ G xwQo R= Q=O=iw —W˝=tv C˝Y=N u˝= ltmx@ ”Ovm—t u=˝@ =Q P (σ) —]N Qorta R= —tyt C˝Y=N Q˝ R -x˝[k —QwUv=D uQ=kD Tqm —=Q@ =Q —tyt “@=wQ P (σ) R= C˝Y=N u˝= XNq=@ ”OQw; s˝y=wN CUOx@^n⊗V —W˝=tv —=[i ”OQw; Oy=wN O˝OB

”P (σ)P (τ) = P (στ) s˝ Q=O σ, τ ∈ G Qy —=Q@ 3”1”1 -x˝[k

V R= v_n’. . . ’v_1 Qy —=Q@ ”u=yQ@

P (σ)P (τ)(v_1 ⊗ · · · ⊗ v_n) = P (σ)(v_τ −1_{(1)} ⊗ · · · ⊗ v_τ −1_{(n)}) = v_τ −1_{(σ}−1_{(1))} ⊗ · · · ⊗ v_τ −1_{(σ}−1_{(n))} = v_{(στ)}−1_{(1)} ⊗ · · · ⊗ v_{(στ)}−1_{(n)} = P (στ)(v_1 ⊗ · · · ⊗ v_n), 2 ”OwW—t C@=F smL =Pr w

”OW=@—t ‘w[wt u˝= x@ —tUQ —=xQ=W= Q˝ R -xH˝Dv xm OyO—t CUOx@ =Q P (σ) —]N Qorta —Q˝PBvwQ=w q=@ -x˝[k

”P (σ)^{−1} = P (σ^{−1}) XNq=@ ’CU= Q˝PBvwQ=w P (σ) :^n⊗V →^n⊗V —]N Qorta ’σ ∈ G Qy —=Q@ 4”1”1 -xH˝Dv

V R= v_n’. . . ’v_1 Qy —=Q@ ”OW=@ —v=ty —]N Qorta I :^n⊗V →^n⊗V s˝ Q˝o ”u=yQ@

P (1)(v_1 ⊗ · · · ⊗ v_n) = v_1−1_{(1)} ⊗ · · · ⊗ v_1−1_{(n)} = v_1 ⊗ · · · ⊗ v_n,

s˝ Qw;—t CUOx@ 3”1”1 -x˝[k R= uwvm = ”P (1) = I =Pr w

I = P (1) = P (σσ^{−1}) = P (σ)P (σ^{−1})

2 ”P (σ)^{−1} = P (σ^{−1}) —va˝ ’P (σ^{−1}) uwQ=w =@ CU= Q˝PBvwQ=w P (σ) xm CU= —vat u˝= x@ R˝v u˝= w

xm OyO—t xH˝Dv 3”1”1 -x˝[k =Pr w P (σ) ∈ GL(^n⊗V, C ) ’σ ∈ G Qy —=Q@ xm CU= —vat u˝= x@ 4”1”1 -xH˝Dv uwvm = ”CU=^n⊗V —W˝=tv —=[i =@ G xwQo R= V˝=tv l˝ P : σ → P (σ) h˝ QaD =@ P : G → GL(^n⊗V, C) ”OW=@—t Qw˙vt u˝= —=Q@ Q˝ R sr wO ”CU= G R= Q=O=iw —W˝=tv P s˝yO—t u=Wv

’1 ≤ i ≤ n ’—i Qo = “ki w Qo = v_1 ⊗ · · ·⊗ v_n = o CQwY u˝= QO ”OvW=@ V QO v_n’. . .’v_1 s˝vm ZQi 5”1”1 sr ”v_i = o xm OW=@ OwHwt

CQw Y u ˝= QO ”v_i = o x m O W= @ Ow Hw t ’1 ≤ i ≤ n ’—i s ˝ Q ˝ o ”u= yQ @ ”v_1 ⊗ · · · ⊗ v_n = o s ˝ v m ZQ i ’T m aQ @ ” v_1 ⊗ · · · ⊗ v_n = v_1 ⊗ · · · ⊗ o ⊗ · · · ⊗ v_n = o f_i : V → C —]N la@=D ’1 ≤ i ≤ n ’i Qy —=Q@ s˝v=wD—t x=ov; ’v_i ≠ o s˝W=@ xDW=O ’1 ≤ i ≤ n ’i Qy —=Q@ Qo = f(x_1, · · · , x_n) = f_1(x_1) · · ·f_n(x_n) -x]@=[ =@ =Q f :^n×V → C uwvm = ”f_i(v_i) = 1 xm s˝vm h˝ QaD —Qw] =Q %x_i, x^′_i ∈ V w c, d ∈ C Qy —=Q@ ”s˝vm—t h˝ QaD

f(x_1, . . . , cx_i + dx^′_i, . . . , x_n) = f_1(x_1) . . .f_i(cx_i + dx^′_i) . . .f_n(x_n) = f_1(x_1) . . .(cf_i(x_i) + df_i(x^′_i)) . . .f_n(x_n) = cf_1(x_1) . . .f_i(x_i) . . .f_n(x_n) + df_1(x_1) . . .f_i(x^′_i) . . .f_n(x_n) = cf(x_1, . . . , x_i, . . . , x_n) + df(x_1, . . . , x^′_i, . . . , x_n).

OQix@ QYLvt —]N la@=D ’4”2”0 -x˝[k ’—QwUv=D ?Q[rY=L —v=yH C˝Y=N Q@=v@ ”CU= —]N n —a@=D f —va˝ ”f̂⊗ = f —va˝ ’Ovm—t —˝=Hx@=H =Q Q˝ R Q=Owtv xm CU= OwHwt f̂ :^n⊗V → C

n ×V^⊗−→^n⊗V f ↓ ↙ f̂ C %CU= Q˝ R CQwYx@ Q˝PBx˝ RHD —=yQwUv=D —wQ f̂ pta xm CU= —vat u˝= x@ R˝v u˝= f̂ (x_1 ⊗ · · · ⊗ x_n) = f_1(x_1) . . .f_n(x_n).

QO ”CU= Zk=vD u˝= w 0 = f̂(o) = f̂ (v_1 ⊗ · · · ⊗ v_n) = f_1(v_1) . . .f_n(v_n) = 1 s˝U˝wv@ s˝v=wD—t p=L

2 ”vi = o xm CU= OwHwt ’1 ≤ i ≤ n ’—i ’xH˝Dv

x= o v; ’v_1 ⊗ · · · ⊗ v_n ≠ o Q o = ”O v W= @ V QO u_n’. . . ’u_1 w v_n’. . .’v_1 s ˝ v m ZQ i 6”1”1 s r w v_i = c_iu_i xm OW=@ OwHwt c_i ∈ C ’1 ≤ i ≤ n ’i Qy —=Q@ Qo = “ki w Qo = v_1 ⊗ · · · ⊗ v_n = u_1 ⊗ · · · ⊗ u_n ”c_1 . . . c_n = 1

CQwY u˝= QO ”c_1 . . . c_n = 1 w v_i = c_iu_i xm OW=@ OwHwt c_i ∈ C ’1 ≤ i ≤ n ’i Qy —=Q@ s˝ Q˝o ”u=yQ@ v_1 ⊗ · · · ⊗ v_n = c_1u_1 ⊗ · · · ⊗ c_nu_n = (c_1 . . . c_n)(u_1 ⊗ · · · ⊗ u_n) = u_1 ⊗ · · · ⊗ u_n.

5”1”1 sr Q@=v@ =Pr ’v_1 ⊗ · · · ⊗ v_n ≠ o uwJ ”v_1 ⊗ · · · ⊗ v_n = u_1 ⊗ · · · ⊗ u_n s˝vm—t ZQi ’TmaQ@ —]N la@=D =Q f_k : V → C ’1 ≤ k ≤ n ’x=wNrO —k —=Q@ ”u_i ≠ o w v_i ≠ o ’1 ≤ i ≤ n ’i Qy —=Q@ xm C˝Y=N u˝= =@ s˝vm—t ZQi —]N —ma@=D =Q f_i : V → C ’i ≠ k ’i Qy —=Q@ ”s˝ Q˝o—t Q˙v QO —y=wNrO xm CU= OwHwt f̂ :^n⊗V → C —]N la@=D xm s˝ Q˝o@ xH˝Dv s˝v=wD—t 5”1”1 sr u=yQ@ Ovv=t uwvm = ”f_i(v_i) = 1 s˝U˝wv@ s˝v=wD—t =Pr w ’f̂ (x_1 ⊗ · · · ⊗ x_n) = f_1(x_1) . . .f_n(x_n)

f̂(v_1 ⊗ · · · ⊗ v_n) = f_1(v_1) . . .f_n(v_n) = f_k(v_k), f̂(u_1 ⊗ · · · ⊗ u_n) = f_1(u_1) . . .f_n(u_n) = (f_1(u_1) . . .f_{k−1}(u_{k−1})f_{k+1}(u_{k+1}) . . .f_n(u_n))f_k(u_k) = c_kf_k(u_k) = f_k(c_ku_k), u; QO xm c_k = f_1(u_1) . . .f_{k−1}(u_{k−1})f_{k+1}(u_{k+1}) . . .f_n(u_n).

OyO—t CUOx@ f_k uOw@ x=wNrO xH˝Dv QO ’f_k(v_k) = f_k(c_ku_k) =Pr w v_1 ⊗ · · · ⊗ v_n = u_1 ⊗ · · · ⊗ u_n =:t= x@ xHwD =@ uwvm = ”v_i = c_iu_i ’1 ≤ i ≤ n ’i Qy —=Q@ TB ’Ow@ xOW ZQi x=wNrO R˝v k uwJ ”v_k = c_ku_k xH˝Dv QO ”c_1u_1 ⊗ · · · ⊗ c_nu_n = u_1 ⊗ · · · ⊗ u_n s˝ Qw;—t CUOx@ v_1 ⊗ · · · ⊗ v_n = u_1 ⊗ · · · ⊗ u_n xmv˝=

2 ”c1 . . .cn = 1 =Pr w (c1 . . .cn)(u1 ⊗ · · · ⊗ un) = u1 ⊗ · · · ⊗ un

xOW u=˝@ Q˝ R -x˝[k QO ?r]t u˝= ”OW=@—t G R= Q=O=iw —W˝=tv P s˝vm C@=F s˝v=wD—t Q˝N= sr wO ltm x@ p=L ”CU=

CQwYu˝= QO ”m ≥ 2 xm —Qw] OW=@ C —wQ —Oa@ m —Q=OQ@ —=[i l˝ V s˝vm ZQi 7”1”1 -x˝[k ”OW=@—t G xwQo R= Q=O=iw —W˝=tv P : G → GL(^n⊗V, C)

R= —DN˝ Qty l˝ P xmv˝= w P (σ) ∈ GL(^n⊗V, C) ’σ ∈ G Qy —=Q@ —va˝ ’CU= h˝ QaDVwN P xmv˝= ”u=yQ@ s˝yO u=Wv xm CU= u˝= Ov=t—t —k=@ xJv; w OW=@—t G xwQo R= V˝=tv l˝ P TB ”s˝=xOQm —UQQ@ ,q@k =Q CU= G ”CU= —v=ty —]N Qorta I :^n⊗V →^n⊗V u; QO xm P (σ) = I xH˝Dv QO ’σ ∈ Ker P s˝ Q˝o ”CU= Q=O=iw P xm s˝vm—t xHwD ”OW=@v —Qo˝O R= —Qr=mU= ?Q[t s=OmJ˝y xm s˝vm—t ?=NDv= —Qw] =Q V QO v_n’. . . ’v_1 uwvm = -xk˝ Q] ” vσ^{−1} (1) ⊗ · · · ⊗ vσ^{−1} (n) = v1 ⊗ · · · ⊗ vn =Pr w P (σ)(v1 ⊗ · · · ⊗ vn) = I(v1 ⊗ · · · ⊗ vn) sr R= xH˝Dv QO ”v_1 ⊗ · · · ⊗ v_n ≠ o ’5”1”1 sr Q@=v@ =Pr w OvDUy QiYQ˝e =yv_i s=tD xm OyO—t xH˝Dv =yv_i ?=NDv= -xk˝ Q] ”c1 . . .cn = 1 w vσ^{−1}(i) = civi xm CU= OwHwt ci ∈ C ’1 ≤ i ≤ n ’i Qy —=Q@ s˝ Qw;—t CUOx@ 6”1”1 TB ”σ = 1 —va˝ ’σ(i) = i =˝ σ^{−1}(i) = i w c_i = 1 ’1 ≤ i ≤ n ’i Qy —=Q@ xm OyO—t xH˝Dv =yv_i ?=NDv=

2 ”CU= Q=O=iw P =Pr w KerP = {1}

—awvx@ uwvm = ”CU= xOt; O˝OB σ ∈ G w[a —wQ R= xm CU= —Qw] P (σ) :^n⊗V →^n⊗V —]N Qorta Q=m u˝ QD?U=vt ”OvW=@ Q˝oQO u; QO ıq=@ X=N —σ “ki xv wȷ G —=[a= s=tD xm s˝ R=U@ —]N —Qorta s˝y=wN—t u=wvax@ G Q˝PB=vp˝wLD —=yDWQU R= Qw˙vt u˝= —=Q@ w OW=@—t =yP (σ) —vRw u˝ov=˝t uDiQo Q˙v QO Qw˙vt u˝= s=Hv= —=Q@ ”s˝vm—t —iQat Q˝ R h˝ QaD QO =Qv; xm s˝t=v—t χ w G x@ xDU@=w R=UuQ=kDt =Q —]N Qorta u˝= ”s˝vm—t xO=iDU= uRw h˝ QaD =@ T (G, χ) :^n⊗V →^n⊗V —]N Qorta x@ 8”1”1 h˝ QaD

T (G, χ) = χ(1) |G| ∑ σ∈G χ(σ)P (σ)

”s˝˝wo—t χ w G x@ xDU@=w R=UuQ=kDt

s˝y=wN X=wN u˝= u=˝@ x@ Q˝ R —=yx˝[k QO ”s˝vm —UQQ@ =Q χ w G x@ xDU@=w R=UuQ=kDt X=wN s˝y=wN—t uwvm = ”CN=OQB

”P (τ)T (G, χ) = T (G, χ)P (τ) CQwY u˝= QO ”τ ∈ G s˝vm ZQi 9”1”1 -x˝[k

”u=yQ@

P (τ)T (G, χ) = P (τ) ( χ(1) |G| ∑ σ∈G χ(σ)P (σ) )

= χ(1) |G| ∑ σ∈G χ(σ)P (τ)P (σ) = χ(1) |G| ∑ σ∈G χ(σ)P (τσ) 3”1”1 -x˝[k Q@=v@ = χ(1) |G| ∑ λ∈G χ(τ^{−1}λ)P (λ) = χ(1) |G| ∑ λ∈G χ(λτ^{−1})P (λ) 29”1”0 -x˝[k Q@=v@ = χ(1) |G| ∑ σ∈G χ(σ)P (στ) = ( χ(1) |G| ∑ σ∈G χ(σ)P (σ) ) P (τ) 3”1”1 -x˝[k Q@=v@ = T (G, χ)P (τ). 2

”T (G, χ)^2 = T (G, χ) —va˝ ’CU= u=wDOwN T (G, χ) :^n⊗V →^n⊗V —]N Qorta 10”1”1 -x˝[k

”u=yQ@

T (G, χ)^2 = ( χ(1) |G| ∑ σ∈G χ(σ)P (σ) ) ( χ(1) |G| ∑ τ∈G χ(τ)P (τ) )

= χ(1)^2 |G|^2 ∑ σ∈G ∑ τ∈G χ(σ)χ(τ)P (σ)P (τ) = χ(1)^2 |G|^2 ∑ σ∈G ∑ τ∈G χ(σ)χ(τ)P (στ) 3”1”1 -x˝[k Q@=v@ = χ(1)^2 |G|^2 ∑ λ∈G ( ∑ σ∈G χ(σ^{−1}λ)χ(σ) ) P (λ) = χ(1)^2 |G|^2 ∑ λ∈G ( |G| χ(1) χ(λ) ) P (λ) 28”1”0 -x˝[k Q@=v@ = χ(1) |G| ∑ λ∈G χ(λ)P (λ) = T (G, χ). 2

”T (G, χ)T (G, ξ) = o x=ov; ’χ ≠ ξ Qo = ”OvW=@ G xwQo R= Q˝PB=vp˝wLD CWQU wO ξ w χ s˝vm ZQi 11”1”1 -x˝[k

”u=yQ@

T (G, χ)T (G, ξ) = ( χ(1) |G| ∑ σ∈G χ(σ)P (σ) ) ( ξ(1) |G| ∑ τ∈G ξ(τ)P (τ) )

= χ(1)ξ(1) |G|^2 ∑ σ∈G ∑ τ∈G χ(σ)ξ(τ)P (σ)P (τ) = χ(1)ξ(1) |G|^2 ∑ σ∈G ∑ τ∈G χ(σ)ξ(τ)P (στ) 3”1”1 -x˝[k Q@=v@ = χ(1)ξ(1) |G|^2 ∑ λ∈G ( ∑ σ∈G ξ(σ^{−1}λ)χ(σ) ) P (λ) = χ(1)ξ(1) |G|^2 ∑ λ∈G (0)P (λ) 28”1”0 -x˝[k Q@=v@ = o. 2

”CU= —v=ty —]N Qorta I :^n⊗V →^n⊗V u; QO xm ∑ χ∈I(G) T (G, χ) = I 12”1”1 -x˝[k

”u=yQ@ ∑ χ∈I(G) T (G, χ) = ∑ χ∈I(G) ( χ(1) |G| ∑ σ∈G χ(σ)P (σ) )

= ∑ χ∈I(G) ∑ σ∈G χ(1) |G| χ(σ)P (σ) = ∑ σ∈G ∑ χ∈I(G) χ(1) |G| χ(σ)P (σ)

= ∑ σ∈G P (σ) 1 |G| ∑ χ∈I(G) χ(1)χ(σ) = P (1) 25”1”0 -x˝[k Q@=v@ = I. 2

-xawtHt xm OvyO—t u=Wv 12”1”1 w 11”1”1 ’10”1”1 —=˝=[k { T (G, χ) :^n⊗V →^n⊗V | T (G, χ) = χ(1) |G| ∑ σ∈G χ(σ)P (σ); χ ∈ I(G) }

u=ty =yQorta u˝= uOw@ Ot=aDt ”OW=@—t —v=ty =yv; ‘wtHt xm CU= Ot=aDt w u=wDOwN —]N —=yQorta R= —=xawtHt —]=@DQ= xm s˝vm h˝ QaD =Q —]N n ‘@=wD R= —=xOQ s˝y=wN—t uwvm = ”OW=@—t 11”1”1 -x˝[k QO xOW KQ]t C˝Y=N x@ “w@ Qt ?r=]t —UQQ@ =@ ’2 VN@ QO w OwW—t XNWt 14”1”1 p=Ft QO “=@DQ= u˝= ”OvQ=O =yR=UuQ=kDt =@ l˝ORv ”OOQo—t swrat “=@DQ= u˝= C˝ty= —QwUv=D uQ=kD Tqm

=Q ϕ :^n×V → U —]N n ‘@=D ”OW=@ C —wQ Oa@ —y=vDt —Q=OQ@ —=[i l˝ U s˝vm ZQi 13”1”1 h˝ QaD V R= v_n’. . .’v_1 Qy —=Q@ x=oQy s˝t=v—t χ w G x@ C@Uv uQ=kDt

χ(1) |G| ∑ σ∈G χ(σ)ϕ(v_σ−1_{(1)}, . . . , v_σ−1_{(n)}) = ϕ(v_1, . . . , v_n).

-x ] @= [ = @ ϕ :^n×V →^n⊗V ‘ @= D s ˝ yO— t u= W v 14”1”1 p= F t ”C U= χ w G x @ C @ U v uQ= k D t — ] N n ‘ @= D l ˝ ϕ(v_1, . . . , v_n) = T (G, χ)(v_1 ⊗ · · · ⊗ v_n)

%s˝ Q=O V R= v_n’. . . ’v_1 Qy —=Q@ uwvm = ”OyO—t xH˝Dv =Q ϕ uOw@ —]N n Kw[wx@ ’T (G, χ) uOw@ —]N

χ(1) |G| ∑ σ∈G χ(σ)ϕ(v_σ−1_{(1)}, . . . , v_σ−1_{(n)}) = χ(1) |G| ∑ σ∈G χ(σ)T (G, χ)(v_σ−1_{(1)} ⊗ · · · ⊗ v_σ−1_{(n)}) = χ(1) |G| ∑ σ∈G χ(σ) ( χ(1) |G| ∑ τ∈G χ(τ)P (τ)(v_σ−1_{(1)} ⊗ · · · ⊗ v_σ−1_{(n)}) )

= χ(1)^2 |G|^2 ∑ σ∈G ∑ τ∈G χ(σ)χ(τ)v_σ−1_{(τ} −1_{(1))} ⊗ · · · ⊗ v_σ−1_{(τ} −1_{(n))} = χ(1)^2 |G|^2 ∑ λ∈G ( ∑ τ∈G χ(τ^{−1}λ)χ(τ) ) v_λ−1_{(1)} ⊗ · · · ⊗ v_λ−1_{(n)} = χ(1)^2 |G|^2 ∑ λ∈G ( |G| χ(1) χ(λ) ) v_λ−1_{(1)} ⊗ · · · ⊗ v_λ−1_{(n)} 28”1”0 -x˝[k Q@=v@ = χ(1) |G| ∑ λ∈G χ(λ)v_λ−1_{(1)} ⊗ · · · ⊗ v_λ−1_{(n)} = χ(1) |G| ∑ λ∈G χ(λ)P (λ)(v_1 ⊗ · · · ⊗ v_n) = T (G, χ)(v_1 ⊗ · · · ⊗ v_n) = ϕ(v_1, . . . , v_n).

”CU= χ w G x@ C@Uv uQ=kDt —]N n ‘@=D l˝ ϕ =Pr

—QwUv=D uQ=kD Tqm 2ˇ1

Qy=˙ VN@ u˝= QO =yR=UuQ=kDt =@ —QwUv=D uQ=kD Tqm “=@DQ= ”s˝vm—t h˝ QaD =Q —QwUv=D uQ=kD Tqm VN@ u˝= QO

G w OwW—t ZQi C —wQ —Oa@ m —Q=OQ@ —=[i l˝ V R˝v VN@ u˝= QO ’s˝OQm xQ=W= ,q@k xm Qw]v=ty ”OW Oy=wN

”G R= Q˝PB=vp˝wLD —DWQU χ w $_n R= —ywQoQ˝ R

xDU@=w —QwUv=D uQ=kD Tqm l˝ =Q S ”OW=@ C —wQ Oa@ —y=vDt —Q=OQ@ —=[i l˝ S s˝vm ZQi 1”2”1 h˝ QaD

%xm —Qw] OW=@ OwHwt OW=@—t χ w G x@ C@Uv uQ=kDt xm ϕ :^n×V → S —]N n ‘@=D x=oQy s˝t=v—t χ w G x@ ’⟨Im ϕ⟩ = S ı1

’CU= uQ=kDt χ w G x@ C@Uv xm ψ :^n×V → U —]N n ‘@=D Qy w U Oa@ —y=vDt —Q=OQ@ —=[i C Qy —=Q@ ı2 ”fϕ = ψ —va˝ ’Ovm —˝=Hx@=H =Q Q˝ R Q=Owtv xm OW=@ OwHwt f : S → U OQi x@ QYLvt —]N p˝O@D n ×V^ϕ−→ S ψ ↓ ↙ f U ”OvDUy CN˝ Qm˝ —Q=OQ@ —=[i C u=wvax@ χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm wO Qy 2”2”1 -x˝[k

ϕ :^n×V → S —]N n ‘@=wD TB ”OvW=@ χ w G x@ xDU@=w —QwUv=D uQ=kD —=yTqm wO Qy S^′ w S s˝ Q˝o ”u=yQ@ ”CU= Q=QkQ@ 1”2”1 h˝ QaD —2 w 1 “˝=QW =yv; —=Q@ w OvOwHwt OvDUy uQ=kDt χ w G x@ C@Uv xm ϕ^′ :^n×V → S^′ w QYLvt —]N p˝O@D xm OyO—t xH˝Dv 1”2”1 h˝ QaD —2 “QW ’CU= χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm S xmv˝= R= ”fϕ = ϕ^′ —va˝ ’Ovm—t —˝=Hx@=H =Q Q˝ R Q=Owtv xm CU= OwHwt f : S → S^′ OQix@ n ×V^ϕ−→ S ϕ^′ ↓ ↙ f S^′ xm OyO—t xH˝Dv 1”2”1 h˝ QaD —2 “QW ’CU= χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm S^′ xmv˝= x@ xHwD =@ —iQ] R= ”gϕ^′ = ϕ —va˝ ’Ovm—t —˝=Hx@=H =Q Q˝ R Q=Owtv xm CU= OwHwt g : S^′ → S OQix@ QYLvt —]N p˝O@D n ×V^{ϕ′}−→ S^′ ϕ ↓ ↙ g S 2 ”S^∼= S^′ =Pr w CU= —DN˝ Qm˝ f xH˝Dv QO w gf = 1S w fg = 1S′ =Pr

”CU= OwHwt χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm 3”2”1 -x˝[k

”CU= C —wQ Oa@ —y=vDt —Q=OQ@ —=[i l˝ S xm CU= K[=w ”S = Im T (G, χ) s˝yO—t Q=Qk ”u=yQ@ p=Ft Q@=v@ ”s˝vm—t h˝ QaD ϕ(v_1, . . . , v_n) = T (G, χ)(v_1 ⊗ · · · ⊗ v_n) -x]@=[ =@ =Q ϕ :^n×V → S u˝vJty =Pr CU= —]N —Qorta T (G, χ) xmv˝= x@ xHwD =@ ”CU= χ w G x@ C@Uv uQ=kDt w —]N n —a@=D ϕ ’14”1”1 ”CU= Q=QkQ@ 1”2”1 h˝ QaD 1 “QW w ⟨Im ϕ⟩ = ⟨Im T (G, χ)⟩ = Im T (G, χ) = S w G x@ C@Uv xm OW=@ —]N n ‘@=D l˝ ψ :^n×V → U w C —wQ Oa@ —y=vDt —Q=OQ@ —=[i U s˝vm—t ZQi uwvm = h :^n⊗V → U OQix@ QYLvt —]N p˝O@D ’4”2”0 -x˝[k ’—QwUv=D ?Q[rY=L —v=yH C˝Y=N Q@=v@ ”CU= uQ=kDt χ ”h⊗ = ψ —va˝ ’Ovm—t —˝=Hx@=H =Q Q˝ R Q=Owtv xm CU= OwHwt n ×V^⊗−→^n⊗V ψ ↓ ↙ h U %s˝ Q=O V R= v_n’. . . ’v_1 Qy —=Q@ w CU= U x@ S R= —]N p˝O@D l˝ f Kw[w x@ ”h|_S = f s˝vm—t ZQi p=L fϕ(v_1, . . . , v_n) = hϕ(v_1, . . . , v_n) = h(T (G, χ)(v_1 ⊗ · · · ⊗ v_n)) = h( χ(1) |G| ∑ σ∈G χ(σ)P (σ)(v_1 ⊗ · · · ⊗ v_n)) = h( χ(1) |G| ∑ σ∈G χ(σ)v_σ−1_{(1)} ⊗ · · · ⊗ v_σ−1_{(n)}) = χ(1) |G| ∑ σ∈G χ(σ)h(v_σ−1_{(1)} ⊗ · · · ⊗ v_σ−1_{(n)}) = χ(1) |G| ∑ σ∈G χ(σ)h ⊗ (v_σ−1_{(1)}, . . . , v_σ−1_{(n)}) = χ(1) |G| ∑ σ∈G χ(σ)ψ(v_σ−1_{(1)}, . . . , v_σ−1_{(n)})

= ψ(v_1, . . . , v_n), ’s ∈ S Qy —=Q@ x=ov; ’f^′ϕ = ψ xm OW=@ —Qo˝O —]N p˝O@D f^′ : S → U Qo = —iQ] R= ”fϕ = ψ TB %s˝ Q=O ’s = T (G, χ)(v_1 ⊗ · · · ⊗ v_n) f^′(s) = f^′(T (G, χ)(v_1 ⊗ · · · ⊗ v_n)) = f^′ϕ(v_1, . . . , v_n) = ψ(v_1, . . . , v_n) = fϕ(v_1, . . . , v_n) = f(T (G, χ)(v_1 ⊗ · · · ⊗ v_n)) = f(s),

”Ovm—t —˝=Hx@=H =Q Q˝ R Q=Owtv xm CU= —OQix@ QYLvt —]N p˝O@D f : S → U —va˝ ”f = f^′ =Pr w n ×V^ϕ−→ S ψ ↓ ↙ f U 2 ”CU= χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm S =Pr w CU= Q=QkQ@ R˝v 1”2”1 h˝ QaD —2 “QW TB

—QwUv=D uQ=kD Tqm =Q 3”2”1 -x˝[k QO xOW —iQat S s˝v=wD—t TB u˝= R= 3”2”1 w 2”2”1 —=yx˝[k x@ xHwD =@ xDU@=w —QwUv=D uQ=kD Tqm R= —Qo˝O pO=at h˝ QaD u=wvax@ =Q Q˝ R h˝ QaD s˝v=wD—t =Pr w s˝ Q˝o@ Q˙v QO χ w G x@ xDU@=w ”s˝yO x¨=Q= χ w G x@

χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm =Q CU=^n⊗V R= —˝=[iQ˝ R xm T (G, χ) CLD^n⊗V Q˝wYD 4”2”1 h˝ QaD ”V^n_χ (G) = Im T (G, χ) —va˝ ’s˝yO—t V˝=tv V^n_χ (G) =@ =Qv; w s˝t=v—t

T (G, χ)(v_1⊗· · ·⊗v_n) —va˝ ’T (G, χ) CLD^n⊗V R= v^⊗ = v_1⊗· · ·⊗v_n Q˝PBx˝ RHDQwUv=DQ˝wYD 5”2”1 h˝ QaD x@ C@Uv uQ=kDt Q˝PBx˝ RHD QwUv=D l˝ u; x@ w s˝yO—t V˝=tv v^∗ = v_1 ∗ · · · ∗ v_n =@ =Q CU= V^n_χ (G) R= —w[a xm ”s˝˝wo—t χ w G

=@ ϵ : $_n → C —va˝ ’s˝ Q˝o—t Q˙v QO $_n ?w=vDt CWQU R˝v =Q ϵ ”OW=@ uQ=kDt xwQo $_n s˝vm ZQi 6”2”1 p=Ft -x]@=[ ϵ(σ) = 1 %OW=@ GwR σ Qo = −1 %OW=@ OQi σ Qo = ∧^n_ϵ ($_n) =@ =Qv;,qwtat w CU= u=tU=Qo —=[i u=ty V^n_ϵ ($_n) —va˝ ϵ w $_n x@ xDU@=w —QwUv=D uQ=kD Tqm CQwY u˝= QO u=Wv v_1 ∧ · · · ∧ v_n =@ v_1 ∗ · · · ∗ v_n —=H@ ’=Q T ($_n, ϵ) CLD v_1 ⊗ · · · ⊗ v_n Q˝wYD u˝vJty ”s˝yO—t V˝=tv ”s˝yO—t QO xm CU= u=tU=Qo —=[i R= —t˝taD ‘k=w QO χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm xm s˝@=˝—t QO ’q=@ p=Ft Q@=v@ uQk l˝ OwOL —=xk@=U —QwUv=D uQ=kD Tqm —wQ -xar=]t Cio u=wD—t =Pr w Ow@ xOW xDN=vW ,qt=m syORwv uQk QN=w= —QwUv=D uQ=kD —=yTqm R= —t˝kDUt ‘tH pY=L ’V x@ xDU@=w —QwUv=D —=[i xm s˝yO—t u=Wv Q˝ R -x˝[k QO ”OQ=O ”OyO—t u=Wv =Q —QwUv=D uQ=kD —=yTqm -xar=]t C˝ty= ?r]t u˝= w CU=

CQwY u˝= QO ”$_n R= —ywQoQ˝ R G w OW=@ C —wQ —Oa@ m —Q=OQ@ —=[i l˝ V s˝vm ZQi 7”2”1 -x˝[k n ⊗V = ⊕_{χ∈I(G)}V^n_χ (G) 2 ”OW=@—t —y˝O@^1—]NQ@H R= —D=tOkt -x˝[k l˝ w 12”1”1 w 11”1”1 ’10”1”1 —=˝=[k x@ xHwD =@ smL ”u=yQ@

’1 ≤ i ≤ s ’i Qy —=Q@ Qo = ”V —wQ —]N —=yQorta Ts’. . . ’T1 w OW=@ C —wQ Oa@ —y=vDt —Q=OQ@ —=[i l˝ V s˝vm ZQi ı1 x=ov; ’CU= —v=ty —]N Qorta I u; QO xm T1 + · · · + Ts = I w TiTj = o ’1 ≤ j ≤ s w 1 ≤ i ≤ s ’i ≠ j Qy —=Q@ w T^2_i = Ti ”V = Im T1 ⊕ · · · ⊕ Im Ts

swO pYi

—QwUv=D uQ=kD Tqm Oa@

—QwUv=D uQ=kD Tqm Oa@ pwtQi uDi=˝ x@ “w@ Qt —DvU ?r=]t 1 VN@ QO ”CU= xOW p˝mWD VN@ Q=yJ R= pYi u˝= uQ=kD —=yTqm 4 w 3 ’2 —=yVN@ QO ”CU= xOW C@=F TwmQ=t “UwD [13] QO pwtQi u˝= ”OW Oy=wN KQ]t x@U=Lt —QwUv=D uQ=kD —=yTqm u˝= —=Q@ =Q Oa@ K˝ QY pwtQi w s˝=xDiQo Q˙v QO =Q u˝at —˝=yxwQo x@ xDU@=w —QwUv=D —t=tD ”Ov=xOt=˝v CUOx@ O=a@= u˝= ,q@k w OvwW—t ?wULt O˝OH —D=k˝kLD —=yQ=m =yOa@ u˝= s=tD -x@U=Lt ”s˝=xOQm ”Ov=xOW Qy=˙ [7] w [6] ’[5] ’[4] R= —WN@ QO ?r=]t u˝=

Oa@ pwtQi -x@U=Lt 1ˇ2

CUOx@ CU= xOQm x@U=Lt =Qv; ı[13] x@ O˝vm x=ovȷ TwmQ=t xm =Q —QwUv=D uQ=kD Tqm Oa@ pwtQi s˝y=wN—t VN@ u˝= QO —Q=OQ@ —=[i V VN@ u˝= QO ”Ow@ Oy=wN O˝it Q˝ R -x˝[k w h˝ QaD x@ xQ=W= pwtQi u˝= R= syi p@=k —D=@F= —=Q@ ”s˝ Qw;

”G R= Q˝PB=vp˝wLD —DWQU =Q χ w s˝ Q˝o—t Q˙v QO $_n R= —ywQoQ˝ R R˝v =Q G ’OwW—t ZQi C —wQ —Oa@ m

=@ =Q CU= xOW p˝mWD m ’ . . . ’2 ’1 O=Oa= R= =yv; —=yxir-wt xm ?DQt —=y—˝=Dn s=tD -xawtHt 1”1”2 h˝ QaD —va˝ ’s˝yO—t V˝=tv Γ^n_m

Γ^n_m = {α = (α_1, . . . , α_n) | 1 ≤ α_i ≤ m}.

-x ] @= [ = @ =Q 0 : G × Γ^nm → Γ^nm ‘ @= D ’Γ^nm -x aw t H t w G xwQ o —=Q @ 2”1”2 -x ˝ [ k ”Ovm—t pta Γ^n_m —wQ 0 =@ G CQwY u˝= QO ”s˝vm—t h˝ QaD σ.α = (α_σ−1_{(1)}, . . . , α_σ−1_{(n)})

%s˝ Q=O σ, τ ∈ G Qy w α = (α_1, . . . , α_n) ∈ Γ^n_m Qy —=Q@ xm s˝vm—t xHwD ”u=yQ@

1.α = (α_1−1_{(1)}, . . . , α_1−1_{(n)}) = (α_1, . . . , α_n) = α, σ.(τ.α) = σ.(α_τ −1_{(1)}, . . . , α_τ −1_{(n)}) = (α_τ −1_{(σ}−1_{(1))}, . . . , α_τ −1_{(σ}−1_{(n))}) = (α_{(στ)}−1_{(1)}, . . . , α_{(στ)}−1_{(n)}) = στ.α, 2 ”Ovm—t pta Γ^n_m —wQ G =Pr w

”s˝ Qw; CUOx@ =Q χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm x@ “w@ Qt Oa@ pwtQi s˝v=wD—t Q˝ R sr ltm x@ uwvm =

’tr P (σ) = m^{c(σ)} —va˝ ’m^{c(σ)} =@ CU= Q@=Q@ P (σ) :^n⊗V →^n⊗V —]N Qorta QF= ’σ ∈ G Qy —=Q@ 3”1”2 sr ”CU= l˝ pw]x@ —=yQwO ?=UDL= =@ ’σ —QwO -x˝ RHD QO OwHwt —=yQwO O=OaD c(σ) u; QO xm lQDWt Oa@ x@ xt˝v R= u=yQ@ wO Qy w CU= p:w= u=yQ@ R= QDxO=U swO u=yQ@ OvJ Qy ”s˝ Qw;—t u=yQ@ wO sr u˝= —=Q@ ”OOQo—tv ?wULt —Q=QmD —rta wO Qy uOQw; =yv; QO OwHwt Cw=iDt —=yl˝vmD Q]=Nx@ um˝rw ’OvDUy

B^⊗ = {e^⊗_α | α ∈ Γ^n_m} xH˝Dv QO ’OW=@ V —=Q@ —=x˝=B B = {e_i | 1 ≤ i ≤ m} s˝vm—t ZQi ”p:w= u=yQ@

—rY= Q]k —wQ —=yx˝=QO ‘wtHt ”s˝ Q˝o—t Q˙v QO B^⊗ -x˝=B x@ C@Uv =Q P (σ) T˝ QD=t ”Ow@ Oy=wN^n⊗V —=Q@ —=x˝=B ”^1s˝vm—t pta Q˝ R CQwYx@ T˝ QD=t u˝= —rY= Q]k —wQ —=yx˝=QO uDi=˝ —=Q@ ”OW=@—t tr P (σ) Q@=Q@ T˝ QD=t u˝= QO xm CU= B^⊗ u=owO -x˝=B {h_β | β ∈ Γ^n_m} CQwY u˝= QO ’OW=@ B u=owO -x˝=B {f_i | 1 ≤ i ≤ m} s˝vm—t ZQi %CU= CQwY u˝= x@ Q˝PBx˝ RHD —=yQwUv=D —wQ u; pta xm OW=@—t —]N la@=D h_β :^n⊗V → C u;

h_β (v_1 ⊗ · · · ⊗ v_n) = f_{β1} (v_1) . . .f_{βn} (v_n).

CU= Q@=Q@ x˝=B u˝= x@ C@Uv T T˝ QD=t (i, j) -x˝=QO x=ov; ’V —=Q@ —=x˝=B {e1, . . . , em} w OW=@ —]N Qorta l˝ T : V → V Qo = ı1 ”CU= V —=Q@ xOW QmP -x˝=B u=owO -x˝=B {f1, . . . , fm} u; QO xm fi(T (ej )) =@

%Ow@ Oy=wN Q˝ R CQwYx@ B^⊗ -x˝=B x@ C@Uv P (σ) T˝ QD=t —rY= Q]k —wQ —=yx˝=QO =Pr h_α(P (σ)(e^⊗_α )) = h_α(e_{ασ−1(1)} ⊗ · · · ⊗ e_{ασ−1(n)} ) = f_{α1} (e_{ασ−1(1)} ) · · ·f_{αn} (e_{ασ−1(n)} ).

CU= Q@=Q@ tr P (σ) TB ”h_α(P (σ)(e^⊗_α )) = 0 CQwY u˝= Q˝e QO w h_α(P (σ)(e^⊗_α )) = 1 x=ov; σ.α = α Qo = x@ ’l˝ pw]x@ —=yQwO ?=UDL= =@ ’=RHt —=yQwO x@ -x˝ RHD QO σ s˝vm ZQi ”σ.α = α xm —˝=yα ∈ Γ^n_m O=OaD =@ %OW=@ xOW x˝ RHD QwO c(σ) σ = (t^1 . . . t^1_{l1} ) · · ·(t^{c(σ)}_1 . . .t^{c(σ)}_{lc(σ)} ).

—Qw] α xm CU= u˝= σ.α = α xm OW=@ C˝Y=N u˝= —=Q=O α = (α_1, . . . , α_n) xmv˝= —=Q@ —i=m w sRq “QW =:t= ”α_tc(σ)_1 = · · · = α_tc(σ)_{lc(σ)} w . . . w α_t1 = · · · = α_t1_{l1} xm OW=@ xOW h˝ QaD w . . . w α_t1 = · · · = α_t1_{l1} R= s=O m Q y h ˝ Q a D —=Q @ ’xO W Q mP C ˝ Y= N = @ α h ˝ Q a D QO T B — v a ˝ ’C U= Ow Hw t ?= N D v= m^{c(σ)} ’α —=Q @ =P r w s ˝ Q=O ?= N D v= m ’α_tc(σ)_1 = · · · = α_tc(σ)_{lc(σ)} 2 ”tr P (σ) = m^{c(σ)} —=x˝=B B^⊗ = {e^⊗_α |α ∈ Γ^n_m} xH˝Dv QO ’OW=@ V —=Q@ —=x˝=B B = {e_i|1 ≤ i ≤ m} s˝vm ZQi ”swO u=yQ@ xm s˝vm—t xHwD ”Ow@ Oy=wN^n⊗V —=Q@

P (σ)(e^⊗_α ) = P (σ)(e_{α1} ⊗ · · · ⊗ e_{αn} ) = e_{ασ−1(1)} ⊗ · · · ⊗ e_{ασ−1(n)} = e^⊗_{σ.α}. OvW=@—t l˝ =˝ w QiY Q@=Q@ B^⊗ -x˝=B x@ C@Uv P (σ) T˝ QD=t —rY= Q]k —wQ —=yx˝=QO xm OvyO—t u=Wv q=@ —=y—w=UD ”σ.α = α xm —˝=yα ∈ Γ^n_m O=OaD =@ CU= Q@=Q@ tr P (σ) TB ”σ.α = α xm OyO—t MQ —Dkw “ki w “ki l˝ w %OW=@ xOW x˝ RHD QwO c(σ) x@ ’l˝ pw]x@ —=yQwO ?=UDL= =@ ’=RHt —=yQwO x@ -x˝ RHD QO σ s˝vm ZQi σ = (t^1 . . . t^1_{l1} ) · · ·(t^{c(σ)}_1 . . .t^{c(σ)}_{lc(σ)} ).

—Qw] α xm CU= u˝= σ.α = α xm OW=@ C˝Y=N u˝= —=Q=O α = (α_1, . . . , α_n) xmv˝= —=Q@ —i=m w sRq “QW =:t= ”α_tc(σ)_1 = · · · = α_tc(σ)_{lc(σ)} w . . . w α_t1 = · · · = α_t1_{l1} xm OW=@ xOW h˝ QaD w . . . w α_t1 = · · · = α_t1_{l1} R= s=O m Q y h ˝ Q a D —=Q @ ’xO W Q mP C ˝ Y= N = @ α h ˝ Q a D QO T B — v a ˝ ’C U= Ow Hw t ?= N D v= m^{c(σ)} ’α —=Q @ =P r w s ˝ Q=O ?= N D v= m ’α_tc(σ)_1 = · · · = α_tc(σ)_{lc(σ)} 2 ”tr P (σ) = m^{c(σ)}

c(σ) u; QO xm O˝;—t CUOx@ Q˝ R -x]@=Q R= ’dim V^n_χ (G) ’χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm Oa@ 4”1”2 -x˝[k ”CU= l˝ pw]x@ —=yQwO ?=UDL= =@ ’σ —QwO -x˝ RHD QO OwHwt —=yQwO O=OaD

dim V^n_χ (G) = χ(1) |G| ∑ σ∈G χ(σ)m^{c(σ)}

T (G, χ) QF= w x@DQ xm OyO—t xH˝Dv ’OyO—t u=Wv =Q T (G, χ) —]N Qorta uOw@ u=wDOwN xm 10”1”1 -x˝[k ”u=yQ@ %s˝U˝wv@ s˝v=wD—t 3”1”2 sr Q@=v@ =Pr w CU= Q@=Q@

dim V^n_χ (G) = dim Im T (G, χ) = Rank T (G, χ) = tr T (G, χ) = tr ( χ(1) |G| ∑ σ∈G χ(σ)P (σ) )

= χ(1) |G| ∑ σ∈G χ(σ)tr P (σ) = χ(1) |G| ∑ σ∈G χ(σ)m^{c(σ)}. 2

CQwY u˝= QO ”G R= —rY= CWQU =Q χ_0 = 1_G w s˝ Q˝o—t Q˙v QO $_4 R= —ywQoQ˝ R =Q G = ⟨(12)⟩ 5”1”2 p=Ft 4”1”2 -x˝[k Q@=v@ dim V^4_{χ0} (G) = 1 2 (m^4 + m^3) = m^3(m + 1) 2 . Q˙v QO H R= —rY= CWQU =Q χ_0 = 1_H w OW=@—t $_4 R= —ywQoQ˝ R R˝v H ”H = ⟨(12)(34)⟩ s˝vm ZQi p=L xm OyO—t u=Wv 4”1”2 -x˝[k ”s˝ Q˝o—t

dim V^4_{χ0} (H) = 1 2 (m^4 + m^2) = m^2(m^2 + 1) 2 . CN˝ Qm˝ —Q=OQ@ —=[i C u=wvax@ V^4_{χ0}(H) w V^4_{χ0} (G) xm OvyO—t u=Wv V^4_{χ0} (H) w V^4_{χ0} (G) x@ “w@ Qt Oa@ —=ypwtQi uOw@ CN˝ Qm˝ xm Ow@ u˝= —a˝@] Q=˙Dv= ”OvDUy CN˝ Qm˝ $_4 —=yxwQoQ˝ R u=wvax@ H w G xm s˝vm—t xHwD ”OvW=@—tv um˝rw ’O=O—t xH˝Dv —Q=OQ@ —=[i C u=wvax@ =Q V^4_{χ0} (H) w V^4_{χ0} (G) uOw@ CN˝ Qm˝ ’$_4 —=yxwQoQ˝ R u=wvax@ H w G ”OyO—t u=Wv =Q —QwUv=D uQ=kD Tqm Q=DiQ —Q=Hvy=v u˝= w OWv u˝vJ

CQwY u˝= QO ”χ = 1_G w G = ⟨π⟩ s˝yO—t Q=Qk w OW=@ $_n QO n pw]x@ —QwO π s˝vm ZQi 6”1”2 p=Ft s˝ Qw;—t CUOx@

dim V^n_χ (G) = χ(1) |G| ∑ σ∈G χ(σ)m^{c(σ)} = 1 n ∑ σ∈G m^{c(σ)} = 1 n n∑ j=1 m^{c(πj )} = 1 n n∑ j=1 m^{(n,j)} = 1 n ∑ d|n φ( n d )m^d,

=˝ R= QDmJwm —a˝@] O=Oa= O=OaD φ(n) ’n —a˝@] OOa Qy —=Q@ w OW=@—t ıQr˝ w=^*—i ‘@=Dȷ Qr˝ w= —@=UL ‘@=D φ u; QO xm ”OwW—t h˝ QaD OvDUy p:w= n x@ C@Uv xm n =@ —w=Ut

—QwO xwQ o x @ x D U @=w —Qw U v= D uQ= k D Tq m O a @ pw tQ i -x @ U= L t 2ˇ2

G = hπ_1 . . . π_pi

—QwUv=D uQ=kD Tqm R= Oa@ K˝ QY pwtQi l˝ x=Qtyx@ 6”1”2 p=Ft ”OW=@ C —wQ —Oa@ m —Q=OQ@ —=[i V s˝vm ZQi xwQo [22] QO ”Ov=xO=O p˝mWD =Q [3] —=xLiY 5 -xr=kt ‘w[wt u; R= Qo˝O w Q˝PB=vp˝wLD —DWQU w xwQo u=ty x@ xDU@=w n_i pw]x@ —QwO ’1 ≤ i ≤ p ’π_i u; QO xm ’CU= xOW xDiQo Q˙v QO $_n R= —ywQoQ˝ R u=wvax@ G = ⟨π_1⟩ · · ·⟨π_p⟩ uQ=kD Tqm Oa@ pwtQi xwQo u˝= R= Q˝PB=vp˝wLD —=yDWQU s=tD —=Q@ w OvDUy =RHt ’QwO u=wvax@ =yπ_i w OW=@—t $_n QO x@ R˝v C=@U=Lt u˝= s=Hv= w CU= xOW x@U=Lt K˝ QY Qw]x@ u; R= Q˝PB=vp˝wLD CWQU w xwQo u˝= x@ xDU@=w —QwUv=D

[22] -xr=kt xm CU= K[=w ”CU= xOW G=DLt u=Hwv=t=Q ‘wtHtx@ “w@ Qt ?r=]t Ovv=t O=Oa= -x˝ Q˙v R= xDiQW˝B ?r=]t

K˝ QY Qw]x@ Oa@ pwtQi -x@U=Lt —oO˝J˝B Cra x@ ‘k=w QO ”OwW ZQi p = 1 xm —Dkw OW=@—t [3] -xr=kt R= —t˝taD QB xr-=Ut l˝ x@ ’K˝ QY Qw]x@ Oa@ pwtQi -x@U=Lt ’O=Oa= -x˝ Q˙v x@ “w@ Qt ?r=]t x@ u; “=@DQ= w xOW xO=O χ w G —=R=x@ Oa@ K˝ QY pwtQi s˝ Q=O OYk w s˝ Q˝o—t Q˙v QO =Q G = ⟨π_1 . . . π_p⟩ xwQo VN@ u˝= QO =Pr ”CU= xOW p˝O@D u=H˝y —awtHt x@ C=@U=Lt u˝= QO ”s˝vm x@U=Lt =Qv; Q˝PB=vp˝wLD —=yDWQU s=tD w xwQo u˝= x@ xDU@=w —QwUv=D uQ=kD Tqm

”s˝ R=OQB—t Ov=xOW Qy=˙ [4] QO xm ?r=]t u˝= “U@ x@ Q˝ R QO ”CU= u=Hwv=t=Q ‘wtHt R= —t˝taD xm s˝vm—t OQwNQ@ CQwYx@ =Q u=Hwv=t=Q ‘wtHt C_n(h) = n−1∑ t=0 (t,n)=1 exp( 2πiht n ) xm CU= xOQm C@=F u=Hwv=t=Q ”—ivt=v K˝LY OOa l˝ h w CU= C@Ft K˝LY OOa l˝ n u; QO xm s˝vm—t h˝ QaD

C_n(h) = φ(n)μ (_n (n,h) ) φ (_n (n,h) )

μ(n) = 0 w μ(1) = 1 %CU= Tw˝@ wt ‘@=D R˝v μ w s˝=xO=O KQW =Qv; 6”1”2 p=Ft QO w CU= Qr˝w= *—i ‘@=D φ u; QO xm

OvR˝=tDt p:w= O=Oa= p_r ’. . . ’p_1 u; QO xm n = p_1 . . . p_r Qo = μ(n) = (−1)^r w p^2|n xm OW=@ OwHwt p p:w= OOa Qo = s˝=xO˝t=v xDi=˝ s˝taD u=Hwv=t=Q ‘wtHt =Qv; w CU= u=Hwv=t=Q ‘wtHt s˝taD xm =Q —awtHt uwvm = ”ı[1] x@ O˝vm x=ovȷ ”s˝vm—t h˝ QaD

’d_1|n_1 s˝ Q˝o ”—ivt=v K˝LY OOa l˝ h w OvW=@ C@Ft K˝LY O=Oa= n_p ’. . . ’n_1 s˝vm ZQi 1”2”2 h˝ QaD CQwYx@ s˝yO—t V˝=tv S(h; n_1, . . . , n_p; d_1, . . . , d_p) =@ =Qv; xm =Q xDi=˝ s˝taD u=Hwv=t=Q ‘wtHt ”d_p|n_p ’. . . s˝vm—t h˝ QaD Q˝ R

S(h; n_1, . . . , n_p; d_1, . . . , d_p) =

[n_1,... ,n_p]−1 ∑ t=0 (t,n_1)=d_1 . . (t,n_p)=d_p

exp ( 2πiht [n_1, . . . , n_p] ) .

s˝vm—t h˝ QaD x=ov; ’OW=@ —yD {0 ≤ t ≤ [n_1, . . . , n_p] − 1 | (t, n_i) = d_i ; 1 ≤ i ≤ p} -xawtHt Qo = ”S(h; n_1, . . . , n_p; d_1, . . . , d_p) = 0 u=Hwv=t=Q ‘wtHt R= —t˝taD 1”2”2 h˝ QaD QO xOW Qy=˙ ‘wtHt =Pr w S(h; n; 1) = C_n(h) xm s˝vm—t xHwD QO xJv; Q@=v@ =Pr w s˝ Qw;—t CUOx@ u=Hwv=t=Q ‘wtHt ?ULQ@ =Q xDi=˝ s˝taD u=Hwv=t=Q ‘wtHt Q=Okt Q˝ R sr QO ”CU= ”OW Oy=wN p˝wLD OOa OvJ QO μ w φ ‘@=D Q=Okt -x@U=Lt x@ xDi=˝ s˝taD u=Hwv=t=Q ‘wtHt -x@U=Lt ’s˝Dio q=@

”— i v t= v K ˝ L Y OO a l ˝ h w O v W= @ C @ F t K ˝ L Y O=O a= n_p ’. . . ’n_1 s ˝ v m ZQ i 2”2”2 s r w N^′_i = n^′_1 . . .n^′_p/n^′_i ’N_i = n_1 . . .n_p/n_i ’n^′_i = n_i/d_i s˝yO—t Q=Qk ”d_p|n_p ’ . . . ’d_1|n_1 s˝ Q˝o swUkt u˝ QDoQR@ (a_1, . . . , a_p) u; QO xm ’l =^{(N1,... ,Np)}

(N^′_1 ,... ,N^′_p )(D_1,... ,D_p) Qo = ”(1 ≤ i ≤ p) Di = d1 . . . dp/di

w CU= C@Ft K˝LY OOa l˝ l x=ov; ’OwW—t ZQi a_p ’. . . ’a_1 lQDWt x˝ra

S(h; n_1, . . . , n_p; d_1, . . . , d_p) = 1 l C_{[n}′_{1,... ,n}′_{p]}(hl) : (_{[d1 ,... ,dp ]} d_i , n ′ i ) = 1 1≤i≤p Qo =

0 : CQwY u˝= Q˝e QO

h˝ QaD Q@=v@ =:t= ”OW=@—t O=Oa= —D=tOkt -x˝ Q˙v R= xO=U u˝ QtD l˝ CU= C@Ft K˝LY OOa l˝ l xmv˝= ”u=yQ@

s˝U˝wv@ s˝v=wD—t CU= [n_1, . . . , n_p] ?w=vD -xQwO =@ t R= ?w=vDt —a@=D exp^{( 2πiht}_{[n1,... ,np]}^) xmv˝= xHwD =@ w 1”2”2

S(h; n_1, . . . , n_p; d_1, . . . , d_p) =

[n_1,... ,n_p]−1 ∑ t=0 (t,n_1)=d_1 . . (t,n_p)=d_p

exp ( 2πiht [n_1, . . . , n_p] )

= 1 l l[n_1 ,... ,n_p]−1 ∑ t=0 (t,n_1)=d_1 . . (t,n_p)=d_p

exp ( 2πiht [n_1, . . . , n_p] ) .

s˝ Qw;—t CUOx@ =Pr w ’t = [d_1, . . . , d_p]t^′ s˝yO—t Q=Qk uwvm =

S(h; n_1, . . . , n_p; d_1, . . . , d_p) = 1 l [n^′_1,... ,n^′_p]−1 ∑ t^′=0 ([d_1 ,... ,d_p ]t^′,n_1)=d_1 . . ([d_1,... ,d_p ]t^′,n_p)=d_p

exp ( 2πihlt^′ [n^′_1, . . . , n^′_p] )

= 1 l [n^′_1,... ,n^′_p]−1 ∑ t^′=0 (([d_1 ,... ,d_p ]/d_1 ) t^′,n^′_1)=1 . . (([d_1,... ,d_p ]/d_p ) t^′,n^′_p)=1

exp ( 2πihlt^′ [n^′_1, . . . , n^′_p] ) .

Q@=Q@ Ovm—t Q˝˝eD q=@ ‘wtHt QO xm =yt^′ s=tD -xawtHt x=ov; ([d_1, . . . , d_p]/d_i , n^′_i) = 1 ’1 ≤ i ≤ p ’i Qy —=Q@ Qo = xwqax@ ”1 ≤ i ≤ p ’(t^′, n^′_i) = 1 w 0 ≤ t^′ ≤ [n^′_1, . . . , n^′_p] − 1 xm C˝Y=N u˝= =@ =yt^′ s=tD -xawtHt =@ CU=

33 swO pYi

s˝U˝wv@ s˝v=wD—t =Pr w CU= QiY q=@ ‘wtHt x=ov; ([d_1, . . . , d_p]/d_i , n^′_i) ≠ 1 xm OW=@ OwHwt ’1 ≤ i ≤ p ’i Qo =

S(h; n_1, . . . , n_p; d_1, . . . , d_p) =

1 l [n^′_1,... ,n^′_p]−1 ∑ t^′=0 (t^′,n^′_1)=1 . . (t^′,n^′_p)=1

exp ( 2πihlt^′ [n^′1, . . . , n^′_p] ) : (_{[d1 ,... ,dp ]} d_i , n ′ i ) = 1 1≤i≤p Qo =

0 : CQwY u˝= Q˝e QO

= 1 l [n^′_1,... ,n^′_p]−1 ∑ t^′=0 (t^′,[n^′_1,... ,n^′_p])=1 exp ( 2πihlt^′ [n^′1, . . . , n^′_p] ) : (_{[d1 ,... ,dp ]} d_i , n ′ i ) = 1 1≤i≤p Qo =

0 : CQwY u˝= Q˝e QO

= 1 l C_{[n}′_{1,... ,n}′_{p]}(hl) : (_{[d1 ,... ,dp]} d_i , n ′ i ) = 1 1≤i≤p Qo =

0 : CQwY u˝= Q˝e QO . 2

”OW=@—t xDi=˝ s˝taD u=Hwv=t=Q ‘wtHt R= —Y=N Cq=L Q˝ R —=yp=Ft S(0; n; d) = C_{n/d}(0) =^{φ(n/d)μ}(^{n/d(n/d,0)} ) φ(^{n/d}_{(n/d,0)} ) = φ(n/d). 3”2”2 p=Ft

x=ov; ’(h, n) = 1 Qo = 4”2”2 p=Ft S(h; n; d) = C_{n/d}(h) = φ(n/d)μ (_{n/d} (n/d,h) ) φ (_{n/d} (n/d,h) ) = μ(n/d).

$_n QO n_i pw]x@ —QwO ’1 ≤ i ≤ p ’π_i u; QO xm OW=@ $_n R= —QwO —ywQoQ˝ R G = ⟨π_1 . . .π_p⟩ s˝vm ZQi

[n_1, . . . , n_p] -x@DQt R= —QwO —ywQo G xmv˝= x@ xHwD =@ w 19”1”0 QmPD Q@=v@ ”OvDUy =RHt ’QwO u=wvax@ =yπ_i w CU=

R= OvDQ=@a xm OW=@—t —]N Q˝PB=vp˝wLD CWQU [n_1, . . . , n_p] —=Q=O G xm s˝@=˝—t QO ’OW=@—t

χ_h : G → C^∗ , χ_h ( (π_1 . . .π_p)^t ) = exp ( 2πiht [n_1, . . . , n_p] ) , 0 ≤ t ≤ [n_1, . . . , n_p] − 1,

=Pr w

I(G) = {χ_h : G → C^∗ | 0 ≤ h ≤ [n_1, . . . , n_p] − 1}.

?ULQ@ pwtQi u˝= ”Ovm—t XNWt K˝ QY Qw]x@ =Q χ_h w G x@ xDU@=w —QwUv=D uQ=kD Tqm Oa@ pwtQi Q˝ R -x˝[k ”CU= x@U=Lt p@=k —DL=Qx@ 2”2”2 sr Q@=v@ xm OW=@—t xDi=˝ s˝taD u=Hwv=t=Q ‘wtHt

’π_i u; QO xm =Q G = ⟨π_1 . . . π_p⟩ ”OW=@ C —wQ —Oa@ m —Q=OQ@ —=[i l˝ V s˝vm ZQi 5”2”2 -x˝[k —=Q@ w s˝ Q˝o—t Q˙v QO $_n R= —ywQoQ˝ R u=wvax@ OvDUy =RHt QwO u=wvax@ =yπ_i w CU= n_i pw]x@ —QwO ’1 ≤ i ≤ p CQwY u˝= QO ”s˝ Q˝o—t G R= Q˝PB=vp˝wLD —DWQU =Q χ_h ’0 ≤ h ≤ [n_1, . . . , n_p] − 1 ’h Qy

dim V^n_{χh} (G) = m^{n−(n1+···+np)} [n_1, . . . , n_p] ∑ d_1 |n_1 . ._{dp |np} S(h; n_1, . . . , n_p; d_1, . . . , d_p)m^{d1+···+dp}

”CU= xDi=˝ s˝taD u=Hwv=t=Q ‘wtHt S(h; n_1, . . . , n_p; d_1, . . . , d_p) u;QO xm

=@ CU= Q@=Q@ V^n_{χh} (G) Oa@ 4”1”2 -x˝[k Q@=v@ ”u=yQ@ 1 [n_1, . . . , n_p] ∑ σ∈G χ_h(σ)m^{c(σ)}

CQwYx@ σ ∈ G Qy —rw ”l˝ pw]x@ —=yQwO ?=UDL= =@ ’σ —QwO -x˝ RHD QO =yQwO O=OaD =@ CU= Q@=Q@ c(σ) u; QO xm =RHt —=yQwO π_p ’. . . ’π_1 uwJ ”CU= V˝=tv p@=k ’0 ≤ t ≤ [n_1, . . . , n_p] − 1 u; QO xm σ = (π_1 . . .π_p)^t s˝ Q=O uQ=kDt —=yxwQo R= xO=U u˝ QtD l˝ u=wvax@ =:t= ”(π_1 . . . π_p)^t = π^t_1 . . . π^t_p =Pr Ov=xOW ZQi

c(π^t_1 . . .π^t_p) = c(π^t_1) + · · · + c(π^t_p) + n − (n_1 + · · · + n_p),

=Pr w CU= OwN —QwO -x˝ RHD QO n_i/d pw]x@ QwO d —=Q=O π^t_i x=ov; ’(t, n_i) = d Qo = xm s˝vm—t xHwD w s˝ Qw;—t CUOx@ xH˝Dv QO ”c(π^t_i) = d = (t, n_i)

c(π^t_1 . . . π^t_p) = (t, n_1) + · · · + (t, n_p) + n − (n_1 + · · · + n_p).

%OwW—t p˝wLD Q˝ R CQwYx@ V^n_{χh} (G) Oa@ =Pr

dim V^n_{χh} (G) = 1 [n_1, . . . , n_p] ∑ σ∈G χ_h(σ)m^{c(σ)}

= 1 [n_1, . . . , n_p]

[n_1,... ,n_p]−1 ∑ t=0 χ_h(π^t_1 . . . π^t_p)m^{c(πt1 ...πtp )}

= 1 [n_1, . . . , n_p]

[n_1,... ,n_p]−1 ∑ t=0 exp ( 2πiht [n_1, . . . , n_p] ) m^{(t,n1)+···+(t,np)+n−(n1+···+np )}

= m^{n−(n1+···+np )} [n_1, . . . , n_p]

[n_1,... ,n_p]−1 ∑ t=0 exp ( 2πiht [n_1, . . . , n_p] ) m^{(t,n1)+···+(t,np)}. s˝ Qw;—t CUOx@ ’1 ≤ i ≤ p ’(t, n_i) = d_i s˝yO Q=Qk Qo = uwvm =

dim V^n_{χh} (G) = m^{n−(n1+···+np )} [n_1, . . . , n_p] ∑ d_1|n_1 . ._{dp |np}

[n_1,... ,n_p]−1 ∑ t=0 (t,n_1)=d_1 . . (t,n_p)=d_p

exp ( 2πiht [n_1, . . . , n_p] ) m^{d1+···+dp}

= m^{n−(n1+···+np )} [n_1, . . . , n_p] ∑ d_1|n_1 . ._{dp |np} S(h; n_1, . . . , n_p; d_1, . . . , d_p)m^{d1+···+dp} . 2

u=˝@ Q˝ R QO =Q X=N Cq=L u˝= ”OyO—t xH˝Dv =Q [3] R= 2 w 1 —=yx˝[k 5”2”2 -x˝[k ’X=N Cq=L QO uwvm =

”OW=@—t 6”1”2 p=Ft u=ty X=N Cq=L u˝= R= —m˝ xm s˝vm—t xHwD ”s˝=xOQm

n pw]x@QwOl˝“UwDxm $_n R=—QwO—ywQoQ˝ R G wOW=@C —wQ—Oa@ m —Q=OQ@—=[il˝ V s˝vmZQi 6”2”2 -xH˝Dv

. dim V^n_χ (G) =^1_n ∑ d|n φ(n/d)m^d s˝ Qw;—tCUOx@s˝ Q˝o@Q˙vQO GR=—rY=CWQU=Qχ = 1_G Qo = ”OwW—tO˝rwD

s ˝ Qw;— t C UOx @ 5”2”2 -x ˝ [ k w 3”2”2 p= F t Q @= v @ =P r w χ = χ_0 x m s ˝ v m— t x Hw D ”u= yQ @

2 ” dim V^n_χ (G) =^{mn−n}_n^∑_{d|n} S(0; n; d)m^d =^1_n^∑_{d|n} φ(n/d)m^d

”dim V^n_χ (G) = 0 =˝ 1 =Pr w dim^n⊗V = 1 x=ov; ’dim V = m = 1 Qo = ’6”2”2 -xH˝Dv QO 7”2”2 QmPD =˝^1_n^∑_{d|n} φ(n/d) = 1 =Pr w CU= umttQ˝e^1_n^∑_{d|n} φ(n/d) = 0 um˝r w ”^1_n^∑_{d|n} φ(n/d) = 0 =˝ 1 u˝=Q@=v@ ”CU= O=Oa= -x˝ Q˙v R= hwQat —=xH˝Dv xm ∑ d|n φ(d) = n l˝ “UwD xm $_n R= —QwO —ywQoQ˝ R G w OW=@ C —wQ —Oa@ m —Q=OQ@ —=[i l˝ V s˝vm ZQi 8”2”2 -xH˝Dv s˝ Qw;—t CUO x@ s˝ Q˝o@ Q˙v QO ’(h, n) = 1 ’χ = χ_h ’G R= x˝r:w= CWQU =Q χ Qo = ”OwW—t O˝rwD n pw]x@ QwO ”dim V^n_χ (G) =^1_n ∑ d|n μ(n/d)m^d s ˝ Qw;— t C UOx @ 5”2”2 -x ˝ [ k w 4”2”2 p= F t Q @= v @ ”u= yQ @

2 ” dim V^n_χ (G) =^{mn−n}_n^∑_{d|n} S(h; n; d)m^d =^1_n^∑_{d|n} μ(n/d)m^d

R= —ywQoQ˝ R G = ⟨(12)(34)(5678)⟩ w OW=@ C —wQ —Oa@ m —Q=OQ@ —=[i l˝ V s˝vm ZQi 9”2”2 p=Ft s˝ Qw;—t CUOx@ 5”2”2 -x˝[k Q@=v@ CQwY u˝= QO ”χ = χ_0 —va˝ ’OW=@ G R= —rY= CWQU χ s˝ Q˝o ”$_9

dim V^9_χ (G) = m^{9−(2+2+4)} 4 ∑ d_1|2 d_2|2 d_3|4

S(0; 2, 2, 4; d_1, d_2, d_3)m^{d1+d2 +d3}

= m 4 [ S(0; 2, 2, 4; 2, 2, 4)m^8 + S(0; 2, 2, 4; 2, 2, 2)m^6 + S(0; 2, 2, 4; 1, 1, 1)m^3 ]

= m 4 [m^8 + m^6 + 2m^3].

V˝=tv =@ G —Dkw G xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm Oa@ pwtQi -x@U=Lt 3ˇ2

Ov˝Wv—t $_n QO —r˝m

n -xawtHt —wQ xm s˝ Q˝o—t Q˙v QO —y=vDt —ywQo =Q G w OW=@ C —wQ —Oa@ m —Q=OQ@ —=[i l˝ V s˝vm ZQi Qy —=Q@ V^n_χ (G) —QwUv=D uQ=kD Tqm w OW Oy=wN $_n R= —ywQoQ˝ R G =Pr ”Ovm—t pta Q=O=iw Qw]x@ Ω —w[a Cr=L QO w s˝vm EL@ —QwUv=D uQ=kD Tqm u˝= Oa@ OQwt QO s˝y=wN—t VN@ u˝= QO ”OW Oy=wN —vat =@ χ ∈ I(G) x@ Q˝ R QO ”OvyO—t p˝mWD =Q [7] w [5] R= —WN@ ?r=]t u˝= —oty ”OQw; s˝y=wN CUOx@ syt -xH˝Dv OvJ X=N ”s˝ R=OQB—t ?r=]t u˝= K˝[wD

”OW Oy=wN $_n R= —ywQoQ˝ R G =Pr ’Ovm—t pta Q=O=iw Qw]x@ Ω —w[a n -xawtHt —wQ G —y=vDt xwQo s˝ Q˝o ω ∈ Ω Qy —=Q@ σ_g (ω) = g.ω h˝ QaD =@ σ_g : Ω → Ω u; QO xm G = {g|g ∈ G} = {σ_g|g ∈ G} ‘k=w QO QO ”CU= —vat =@ χ ∈ I(G) Qy —=Q@ V^n_χ (G) —QwUv=D uQ=kD Tqm xH˝Dv QO ”OW=@—t hQL n —wQ —DWo˝=H Qy —=Q@ —va˝ ”s˝vm—t ZQi CU= xOW xDiQo Q˙v QO $_n R= —ywQoQ˝ R u=wvax@ xm G xwQo —DWo˝=H CWQU =Q θ =Hv˝= —=yQwO O=OaD Qo˝O CQ=@a x@ w ’OvwW—t xDW=O xov C@=F g “UwD xm Ω R= —˝=[a= O=OaD =@ CU= Q@=Q@ θ(g) ’g ∈ G u˝= —=Q@ =Q 4”1”2 -x˝[k QO xOW Qy=˙ Oa@ pwtQi xm s˝vm—t KQ]t —=x˝[k Q˝ R QO ”g —QwO -x˝ RHD QO l˝ pw] x@ ”OyO—t CUOx@ θ ?ULQ@ —QwUv=D uQ=kD Tqm

=Q V w Ovm—t pta Q=O=iw Qw]x@ Ω —w[a n -xawtHt —wQ xm OW=@ —y=vDt —ywQo G s˝vm ZQi 1”3”2 -x˝[k ’χ ∈ I(G) Qy —=Q@ CQwY u˝= QO ”s˝ Q˝o—t Q˙v QO C —wQ —Oa@ m —Q=OQ@ —=[i l˝

dim V^n_χ (G) = χ(1) |G| ∑ g∈G χ(g)m^{(θ↓⟨g⟩,1⟨g⟩)⟨g⟩} .

—=yQwO ?=UDL= =@ ’=yQwO O=OaD =@ CU= Q@=Q@ c(g) s˝v=O—t ”OW=@ x=wNrO g = σ_g ∈ G s˝vm—t ZQi ”u=yQ@ pta Ω —wQ ⟨g⟩ —Dkw Ω —=yQ=Ot O=OaD =@ CU= Q@=Q@ O=OaD u˝= xm CU= —y˝O@ =:t= ”g —QwO -x˝ RHD QO ’l˝ pw]x@ =@ CU= Q@=Q@ Ovm—t pta Ω —wQ ⟨g⟩ —Dkw Ω —=yQ=Ot O=OaD ı[17] x@ O˝vm x=ovȷ O˝=UvQ@ sr x@ xHwD =@ ”Ovm—t

2 ”OyO—t xH˝Dv =Q smL 4”1”2 -x˝[k p=L ” c(g) = (θ ↓⟨g⟩, 1⟨g⟩)⟨g⟩ xH˝Dv QO w^1_{|⟨g⟩|}^∑_{σ∈⟨g⟩} θ(σ)

OW=@ —w[a n —ywQo G s˝vm—t ZQi ”s˝ Q˝o—t Q˙v QO =Q Ω -xawtHt —wQ G xwQo pta R= X=N Cr=L uwvm = Kw[wx@ ”g.ω = gω ’ω ∈ Ω w g ∈ G Qy —=Q@ —va˝ ’Ovm—t pta s˙vt Qw]x@ Ω = G —w[a n -xawtHt —wQ xm V˝=tv “UwD $_n R= —ywQoQ˝ R G s˝˝wo—t Cr=L u˝= QO ”OW Oy=wN $_n R= —ywQoQ˝ R G =Pr w CU= Q=O=iw pta u˝= ”CW=O Oy=wN —vat χ ∈ I(G) Qy —=Q@ V^n_χ (G) —QwUv=D uQ=kD Tqm ,=OOHt xH˝Dv QO ”CU= ıs˙vt V˝=tv =˝ȷ —r˝m ”CU= 1”3”2 -x˝[k s˝kDUt -xH˝Dv xm OyO—t CUOx@ —QwUv=D uQ=kD Tqm u˝= Oa@ —=Q@ —L˝ QY pwtQi Q˝ R -x˝[k

—=[i V Qo = ”CU= —r˝m V˝=tv “UwD $_n R= —ywQoQ˝ R xm OW=@ —w[a n —ywQo G s˝vm ZQi 2”3”2 -x˝[k ’χ ∈ I(G) Qy —=Q@ x=ov; OwW ZQi C —wQ —Oa@ m —Q=OQ@

dim V^n_χ (G) = χ(1) n ∑ g∈G χ(g)m^{n/o(g)}.

C@=F -x]kv Ok=i ’—v=ty RHx@ ’G —=[a= s=tD ’s˝ Q˝o—t Q˙v QO $_n R= —ywQoQ˝ R —r˝m V˝=tv =@ =Q G —Dkw ”u=yQ@ xH˝Dv QO ”θ(g) = 0 ’g ≠ 1 Qy —=Q@ =Pr w OvDUy (θ ↓_{⟨g⟩}, 1_{⟨g⟩})_{⟨g⟩} = 1 |⟨g⟩| ∑ σ∈⟨g⟩ θ(σ) = 1 o(g) o(g)−1∑

k=0 θ(g^k) = n o(g) 2 ”OwW—t xH˝Dv 1”3”2 -x˝[k R= smL =Pr w

—=yxwQo CWQU -x˝ Q˙v QO hwQat —=x]@=Q xm s˝ Qw; CUOx@ =Q Q˝ R -x˝[k s˝v=wD—t 2”3”2 -x˝[k ltm x@ uwvm = ”Ci=˝ CUO u; x@ u=wD—tv x˝ Q˙v u˝= QO —D=tOkt —=yl˝vmD ltm x@ w CU= —y=vDt

OOa Qy —=Q@ CQwY u˝= QO ”G R= Q˝PB=vp˝wLD —DWQU χ w OW=@ —w[a n —ywQo G s˝vm ZQi 3”3”2 -x˝[k ’m —a˝@] χ(1) ∑ g∈G χ(g)m^{n/o(g) n}≡ 0 .

OOa Qy —=Q@ ”CU= xOW xOv=Wv $_n QO —r˝m V˝=tv =@ G s˝vm ZQi s˝v=wD—t ”CU= —w[a n —ywQo G ”u=yQ@ s˝ Qw;—t CUOx@ 2”3”2 -x˝[k Q@=v@ =Pr w s˝ Q˝o—t Q˙v QO m Oa@ R= C —wQ —Q=OQ@ —=[i =Q V ’xOW xO=O m —a˝@]

dim V^n_χ (G) = χ(1) n ∑ g∈G χ(g)m^{n/o(g)}. ,=twRr =Pr w OW=@—t —ivt=v w K˝LY —OOa dim V^n_χ (G) =:t=

χ(1) ∑ g∈G χ(g)m^{n/o(g) n}≡ 0 . 2 ”OQw; s˝y=wN CUOx@ =Q Q˝ R -xH˝Dv ’χ = 1_G —va˝ ’s˝vm ZQi G —rY= CWQU =Q χ q=@ -x˝[k QO Qo =

’m —a˝@] OOa Qy —=Q@ CQwY u˝= QO ”OW=@ —w[a n —ywQo G s˝vm ZQi 4”3”2 -xH˝Dv ∑ g∈G m^{n/o(g) n}≡ 0 . u=yQ@ ”s˝ Q˝o@ Q˙v QO —y=vDt —=yxwQo —=Q@ =tQi lJwm -x˝[k s˝taD s˝v=wD—t =Q 4”3”2 -xH˝Dv xm s˝vm—t xHwD ”Ovm—t uWwQ =Q ‘w[wt u˝= Q˝ R xH˝Dv

”m^{p p}≡ m ’p p:w= OOa Qy w m —a˝@] OOa Qy —=Q@ ”ı=tQi lJwm_-x˝[kȷ 5”3”2 -xH˝Dv

=Pr w o(g) = p ’g ≠ 1 Qy —=Q@ CQwY u˝= QO ”OW=@ p -x@DQt R= —QwO xwQo G s˝vm ZQi ”u=yQ@ ∑ g∈G m^{p/o(g)} = m^{p/o(1)} + ∑ 1≠g∈G m^{p/o(g)} = m^{p/1} + ∑ 1≠g∈G m = m^p + (p − 1)m.

2 ”m^{p p}≡ m =˝ m^p + (p − 1)m^p≡ 0 s˝ Qw;—t CUOx@ 4”3”2 -xH˝Dv ltm x@ uwvm =

—QwO wO xwQo =Hv˝= QO ”CU= xOW x¨=Q= —yHw wO xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm Oa@ —=ypwtQi [10] -xr=kt QO QO ?r=]t u˝= ”OQm s˝y=wN XNWt =Q xwQo u˝= x@ xDU@=w —QwUv=D uQ=kD Tqm Oa@ —=ypwtQi w s˝ Q˝o—t Q˙v QO =Q ”s˝vm—t —iQat =Qv; Q˝PB=vp˝wLD —=yDWQU w T_{4n} —QwO wO xwQo =OD@= Q˝ R QO ”Ov=xOW Qy=˙ [5] R= —WN@

CQwYx@ =Q s˝yO—t V˝=tv T_{4n} =@ =Qv; xm n -xHQO R= —QwO wO xwQo ’n ≥ 1 —=Q@ 6”3”2 h˝ QaD T_{4n} = ⟨r, s | r^{2n} = 1, r^n = s^2, s^{−1}rs = r^{−1}⟩ ”s˝vm—t h˝ QaD

⟨2, 2, n⟩ =@ xwQo u˝= [2] QO ”CU= 4n -x@DQt R= —ywQo ’T_{4n} —QwO wO xwQo xm OwW—t xO˝O —DL=Qx@ %s˝ Q=O CQwY Qy QO ”T_{4n} = ⟨r, s | r^n = s^2 = (rs)^2⟩ xm CU= xOW C@=F w CU= xOW xO=O V˝=tv R= OvDQ=@a xm CU= G˝wRD Tqm n + 3 —=Q=O xwQo u˝= [12] Q@=v@ ”T_{4n} = {r^l, r^ls | 0 ≤ l < 2n} {1}, {r^n}, {r^k, r^{2n−k}}, 1 ≤ k ≤ n − 1, {r^{2k}s | 0 ≤ k ≤ n − 1}, {r^{2k+1}s | 0 ≤ k ≤ n − 1}. %CU= xOW x¨=Q= Q˝ R CQwYx@ T_{4n} Q˝PB=vp˝wLD —=yDWQU pwOH [12] QO ”CU= OQi n —Dkw T_{4n} xwQo Q˝PB=vp˝wLD —=yDWQU pwOH ”I pwOH |C_{T4n} (g)| 4n 4n 2n 4 4 g 1 r^n r^k(1 ≤ k ≤ n − 1) s rs ψ_1 1 1 1 1 1 ψ_2 1 −1 (−1)^k i −i ψ_3 1 1 1 −1 −1 ψ_4 1 −1 (−1)^k −i i χ_h 2 2(−1)^h 2 cos^{khπ}_n 0 0 (1 ≤ h ≤ n − 1)

”CU= GwR n —Dkw T_{4n} xwQo Q˝PB=vp˝wLD —=yDWQU pwOH ”II pwOH |C_{T4n} (g)| 4n 4n 2n 4 4 g 1 r^n r^k(1 ≤ k ≤ n − 1) s rs ϕ_1 1 1 1 1 1 ϕ_2 1 1 (−1)^k 1 −1 ϕ_3 1 1 1 −1 −1 ϕ_4 1 1 (−1)^k −1 1 χ_h 2 2(−1)^h 2 cos^{khπ}_n 0 0 (1 ≤ h ≤ n − 1) 4 w OwW—t ZQi OQi n —Dkw ψ_4 w ψ_3 ’ψ_2 ’ψ_1 —]N Q˝PB=vp˝wLD CWQU 4 —=Q=O T_{4n} xwQo ’q=@ —=ypwOH Q@=v@ n − 1 —=Q=O xwQo u˝= u˝vJty ”OW=@—t OwW—t ZQi GwR n —Dkw ϕ_4 w ϕ_3 ’ϕ_2 ’ϕ_1 —]N Q˝PB=vp˝wLD CWQU

QO C —wQ —Oa@ m —Q=OQ@ —=[i l˝ =Q V uwvm = ”OW=@—t 2 -xHQO R= ’1 ≤ h ≤ n − 1 ’χh Q˝PB=vp˝wLD CWQU

—=Q@ CQwY u˝= QO ”OW=@ $_{4n} R= —ywQoQ˝ R —r˝m V˝=tv “UwD G = T_{4n} —QwO wO xwQo s˝vm—t ZQi w s˝ Q˝o—t Q˙v XNWt =Q —QwUv=D uQ=kD —=yTqm u˝= Oa@ Q˝ R x˝[k wO w OQ=O —vat V^{4n}_χ (G) —QwUv=D uQ=kD Tqm χ ∈ I(G) Qy ”OyO—t V˝=tv =Q k w 2n lQDWt x˝ra swUkt u˝ QDoQR@ (2n, k) Q˝ R -x˝[k wO QO ”Ovm—t

G Qo = ”s˝ Q˝o—t Q˙v QO C —wQ —Oa@ m —Q=OQ@ —=[i =Q V w ’OQi n ’G = T_{4n} s˝vm ZQi 7”3”2 -x˝[k ”OvDUy Q=QkQ@ Q˝ R Oa@ —=ypwtQi x=ov; ’OW=@ $_{4n} R= —ywQoQ˝ R —r˝m V˝=tv “UwD

dim V^{4n}_{ψ1} (G) = 1 4n [ m^{4n} + m^{2n} + 2 n−1∑ k=1 m^{2(2n,k)} + 2nm^n ] , dim V^{4n}_{ψ2} (G) = 1 4n [ m^{4n} − m^{2n} + 2 n−1∑ k=1 (−1)^km^{2(2n,k)} ] , dim V^{4n}_{ψ3} (G) = 1 4n [ m^{4n} + m^{2n} + 2 n−1∑ k=1 m^{2(2n,k)} − 2nm^n ] , dim V^{4n}_{ψ4} (G) = 1 4n [ m^{4n} − m^{2n} + 2 n−1∑ k=1 (−1)^km^{2(2n,k)} ] , dim V^{4n}_{χh} (G) = 1 2n [ 2m^{4n} + 2(−1)^hm^{2n} + 4 n−1∑ k=1 cos khπ n m^{2(2n,k)} ] , 1 ≤ h ≤ n − 1.

’s w r ’G —=yOrwt —DWo˝=H V˝=tv w OW=@—t $_{4n} R= —ywQoQ˝ R —r˝m V˝=tv “UwD G = T_{4n} xwQo ”u=yQ@ %Ov˝;—t CUOx@ Q˝ R CQwYx@ —DL=Qx@

r = (1 2 3 . . . 2n)(2n + 1 2n + 2 2n + 3 . . . 4n), s = (1 2n + 1 n + 1 3n + 1)(2 4n n + 2 3n)(3 4n − 1 n + 3 3n − 1) . . .

(n − 1 3n + 3 2n − 1 2n + 3)(n 3n + 2 2n 2n + 2).

xm s˝vm—t xHwD uwvm =

rs = (1 2n + 2 n + 1 3n + 2)(2 2n + 1 n + 2 3n + 1)(3 4n n + 3 3n) . . .

(n 3n + 3 2n 2n + 3),

”o(rs) = 4 w o(s) = 4 ’1 ≤ k ≤ n − 1 ’o(r^k) =^{2n}_{(2n,k)} ’o(r^n) = 2 ’o(1) = 1 %s˝ Qw;—t CUOx@ =Pr w

2 ”OyO—t xH˝Dv =Q smL I pwOH w 2”3”2 -x˝[k p=L

G Qo = ”s˝ Q˝o—t Q˙v QO C —wQ —Oa@ m —Q=OQ@ —=[i =Q V w ’GwR n ’G = T_{4n} s˝vm ZQi 8”3”2 -x˝[k ”OvDUy Q=QkQ@ Q˝ R Oa@ —=ypwtQi x=ov; ’OW=@ $_{4n} R= —ywQoQ˝ R —r˝m V˝=tv “UwD

dim V^{4n}_{ϕ1} (G) = 1 4n [ m^{4n} + m^{2n} + 2 n−1∑ k=1 m^{2(2n,k)} + 2nm^n ] , dim V^{4n}_{ϕ2} (G) = 1 4n [ m^{4n} + m^{2n} + 2 n−1∑ k=1 (−1)^km^{2(2n,k)} ] , dim V^{4n}_{ϕ3} (G) = 1 4n [ m^{4n} + m^{2n} + 2 n−1∑ k=1 m^{2(2n,k)} − 2nm^n ] , dim V^{4n}_{ϕ4} (G) = 1 4n [ m^{4n} + m^{2n} + 2 n−1∑ k=1 (−1)^km^{2(2n,k)} ] , dim V^{4n}_{χh} (G) = 1 2n [ 2m^{4n} + 2(−1)^hm^{2n} + 4 n−1∑ k=1 cos khπ n m^{2(2n,k)} ] , 1 ≤ h ≤ n − 1. 2 ”OwW—t xH˝Dv II pwOH w 2”3”2 -x˝[k ltm x@ ’7”3”2 -x˝[k u=yQ@ x@=Wt smL ”u=yQ@

G = P SL_2(q) xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm Oa@ pwtQi -x@U=Lt 4ˇ2

“w@ Qt Oa@ w s˝ Q˝o—t Q˙v QO =Q ’P SL_2(q) ’—w[a q u=O˝t —wQ 2 -xHQO R= X=N —]N —Q˝wYD xwQo VN@ u˝= QO QO ?r=]t u˝= ”s˝vm—t x@U=Lt u; Q˝PB=vp˝wLD —=yDWQU s=tD —=R=x@ =Q xwQo u˝= x@ xDU@=w —QwUv=D uQ=kD Tqm x@

KQW =Q q=@ QO QwmPt ?r=]t TBU w s˝ R=OQB—t P SL_2(q) xwQo —iQat x@ =OD@= Q˝ R QO ”Ov=xOW Qy=˙ [6] R= —WN@ ”CU= C —wQ —Oa@ s —Q=OQ@ —=[i V VN@ u˝= QU=QU QO ”s˝yO—t —=yT˝ QD=t —@ Q[ xwQo s˝yO—t V˝=tv SL_2(q) =@ xm =Q —w[a q u=O˝t —wQ 2_-xHQO R= X=N —]N xwQo —OOa p u; QO xm q = p^n =Hv˝= QO xm s˝vm—t xHwDȷ s˝vm—t h˝ QaD —w[a q u=O˝t R= —˝=yx˝=QO =@ 2 × 2 Q˝PBvwQ=w p =˝ w p = 2 xm —Dr=L QO xwQo u˝= Q˝PB=vp˝wLD —=yDWQU pwOH ”ıOW=@—t —ivt=v w K˝LY —OOa n w CU= p:w= “N x@ xm hQL q + 1 R= pmWDt —=xawtHt —wQ SL_2(q) xwQo ”CU= xOW x@U=Lt [8] QO OW=@ OQi w p:w= —OOa T˝ QD=t I u; QO xm {−I, I} =@ CU= Q@=Q@ pta -xDUy xm OwW—t xO˝O —DL=Qx@ w Ovm—t pta CU= hwQat —Q˝ wYD Q=O=iw Qw]x@ —Q˝wYD “N —wQ xm CU= —DtUk GQ=N —ywQo SL_2(q)/{−I, I} xH˝Dv QO ”OW=@—t —v=ty 2 × 2 —]N —Q˝ wYD xwQo =Qv; w s˝yO—t V˝=tv P SL_2(q) =@ =Q xwQo u˝= ”OW=@—t $_{q+1} R= —ywQoQ˝ R =Pr w Ovm—t pta =Pr ’OW=@—t SL_2(q) R= —DtUk GQ=N P SL_2(q) xmv˝= x@ xHwD =@ ”s˝t=v—t —w[a q u=O˝t —wQ 2_-xHQO R= X=N —=yDWQU pwOH ’CU= xOW Qy=˙ [8] QO xm SL_2(q) Q˝PB=vp˝wLD —=yDWQU pwOH ltm x@ w 20”1”0 -x˝[k x@ xHwD =@ %Ov˝;—t CUOx@ P SL_2(q) Q˝PB=vp˝wLD

43 swO pYi

”|G| =^1_2 q(q^2 − 1) ’q^4≡ 1 ’q = p^n ’OQi q ’G = P SL2(q) Q˝PB=vp˝wLD —=yDWQU pwOH ”I pwOH g {−I, I}1 {−I, I}c {−I, I}d {−I, I}a^l {−I, I}a^{(q−1)/4} {−I, I}b^m |(g)| 1^1_2 (q^2 − 1)^1_2 (q^2 − 1) q(q + 1)^1_2 q(q + 1) q(q − 1) o(g) 1 p p^{(q−1)/2}_{(l,(q−1)/2)} 2^{(q+1)/2}_{(m,(q+1)/2)} 1G 1 1 1 1 1 1 ψ q 0 0 1 1 −1 χi q + 1 1 1 ρ^{il} + ρ^{−il} ρ^{i(q−1)/4} + ρ^{−i(q−1)/4} 0 θj q − 1 −1 −1 0 0 −(σ^{jm} + σ^{−jm}) ξ1^1_2 (q + 1)^1_2 (1 + √q)^1_2 (1 − √q) (−1)^l (−1)^{(q−1)/4} 0 ξ2^1_2 (q + 1)^1_2 (1 − √q)^1_2 (1 + √q) (−1)^l (−1)^{(q−1)/4} 0

i = 2, 4, 6, . . . , (q − 5)/2 , l = 1, 2, . . . , (q − 5)/4 , ρ = e^{2π√−1/q−1} j = 2, 4, 6, . . . , (q − 1)/2 , m = 1, 2, . . . , (q − 1)/4 , σ = e^{2π√−1/q+1} |I(G)| = 4 +^{q−5}_4 +^{q−1}_4 =^{q+5}_2

”|G| =^1_2 q(q^2 − 1) ’q^4≡ 3 ’q = p^n ’OQi q ’G = P SL2(q) Q˝PB=vp˝wLD —=yDWQU pwOH ”II pwOH g {−I, I}1 {−I, I}c {−I, I}d {−I, I}a^l {−I, I}b^m {−I, I}b^{(q+1)/4} |(g)| 1^1_2 (q^2 − 1)^1_2 (q^2 − 1) q(q + 1) q(q − 1)^1_2 q(q − 1) o(g) 1 p p^{(q−1)/2}_{(l,(q−1)/2)}^{(q+1)/2}_{(m,(q+1)/2)} 2 1G 1 1 1 1 1 1 ψ q 0 0 1 −1 −1 χi q + 1 1 1 ρ^{il} + ρ^{−il} 0 0 θj q − 1 −1 −1 0 −(σ^{jm} + σ^{−jm}) −(σ^{j(q+1)/4} + σ^{−j(q+1)/4} ) η1^1_2 (q − 1) −^1_2 (1 − √ −q) −^1_2 (1 + √ −q) 0 (−1)^{m+1} (−1)^{(q+5)/4} η2^1_2 (q − 1) −^1_2 (1 + √ −q) −^1_2 (1 − √ −q) 0 (−1)^{m+1} (−1)^{(q+5)/4}

i = 2, 4, 6, . . . , (q − 3)/2 , l = 1, 2, 3, . . . , (q − 3)/4 , ρ = e^{2π√−1/q−1} j = 2, 4, 6, . . . , (q − 3)/2 , m = 1, 2, 3, . . . , (q − 3)/4 , σ = e^{2π√−1/q+1} |I(G)| = 4 +^{q−3}_4 +^{q−3}_4 =^{q+5}_2

”|G| = q(q^2 − 1) ’q = 2^n ’GwR q ’G = P SL2(q) Q˝PB=vp˝wLD —=yDWQU pwOH ”III pwOH

g {I}1 {I}c {I}a^l {I}b^m |(g)| 1 q^2 − 1 q(q + 1) q(q − 1) o(g) 1 2^{q−1}_{(l,q−1)}^{q+1}_{(m,q+1)} 1G 1 1 1 1 ψ q 0 1 −1 χi q + 1 1 ρ^{il} + ρ^{−il} 0 θj q − 1 −1 0 −(σ^{jm} + σ^{−jm})

1 ≤ i ≤ (q − 2)/2 , 1 ≤ l ≤ (q − 2)/2 , ρ = e^{2π√−1/q−1} 1 ≤ j ≤ q/2 , 1 ≤ m ≤ q/2 , σ = e^{2π√−1/q+1} |I(G)| = 2 +^{q−2}_2 +^q_2 = q + 1

wȷ Q=O=iw —rta OQ=O w[a q + 1 xm —Q˝wYD “N —wQ G = P SL_2(q) xwQo s˝OQm xQ=W= q=@ QO xm Qw]v=ty Qy —=Q@ V^{q+1}_χ (G) xH˝Dv QO ”s˝ Q˝o@ Q˙v QO $_{q+1} R= —ywQoQ˝ R =Q P SL_2(q) s˝v=wD—t =Pr w OQ=O ı—r=kDv=ˇ2 —DL —=ypwOH QO xm —˝=yχ s=tD —=R=x@ =Q —QwUv=D uQ=kD —=yTqm u˝= Oa@ s˝y=wN—t =Hv˝= QO w OQ=O —vat χ ∈ I(G) —=[a= s=tD —QwO Q=DN=U xm CU= —i=m 4”1”2 -x˝[k Q@=v@ ’Qw˙vt u˝= —=Q@ w s˝ Qw; CUOx@ Ov=xOW Qy=˙ III w II ’I =Q G = P SL_2(q) —=[a= s=tD —QwO Q=DN=U xm CU= u˝= u=tiOy uwvm = TB ”s˝vm —˝=U=vW =Q G = P SL_2(q) u=Um˝ —QwO Q=DN=U G R= G˝wRD Tqm l˝ —=[a= s=tD xmv˝= x@ xHwD =@ =:t= ”s˝ Qw; CUOx@ $_{q+1} R= —ywQoQ˝ R u=wvax@ —=ypwOH QO =yxOv˝=tv u˝= ”s˝ Qw; CUOx@ =Q G —=RHt G˝wRD —=yTqm -xOv˝=tv —QwO Q=DN=U CU= —i=m =Pr ’OvQ=O ”Ov=xOW Qy=˙ III w II ’I CQwYx@ xm θ CQwY u˝= QO ”fix(g) = {i | 1 ≤ i ≤ q + 1, g(i) = i} s˝yO—t Q=Qk ’g ∈ G Qy —=Q@ ”CU= —Q˝wYD “N “=kv —wQ u; pta R= pY=L G —DWo˝=H CWQU OwW—t h˝ QaD ’g ∈ G ’θ(g) = |fix(g)| ’ν(g) = |fix(g)| − 1 -x]@=[ =@ ν : G → C =Pr ’CU= —r=kDv=ˇ2 —Q˝wYD “N “=kv —wQ G pta xm —˝=Hv; R= R= —m˝ =@ O˝=@ ,=twRr ν ’q^4≡ 1 ’OQi q ’G = P SL_2(q) Cr=L QO ”Ow@ Oy=wN G R= Q˝PB=vp˝wLD —DWQU ’g ∈ G ’ν({−I, I}1) = (q + 1) − 1 = q xm —˝=Hv; R= =:t= ”OW=@ Q@=Q@ Ov=xOW Qy=˙ I pwOH QO xm G Q˝PB=vp˝wLD —=yDWQU xm IV pwOH QO |fix(g)| Q]U pmW u˝O@ ”g ∈ G ’|fix(g)| = 1 + ψ(g) xH˝Dv QO w CU= Q@=Q@ ψ =@ ,=twRr ν Ov˝;—t Q˝ R QO xm VI w V —=ypwOH QO |fix(g)| Q]U R˝v q —=Q@ Qo˝O Cr=L wO QO ”O˝;—t CUOx@ O˝;—t Q˝ R QO ”Ot; Oy=wN CUOx@

45 swO pYi

Qy=˙ ıQ˝ R —=ypwOHȷ VI w V ’IV —=ypwOH QO xm d w c ’b ’a —=[a= —U˝ QD=t pmW [8] ltm x@ uwvm = r xm OW=@ r x@DQt —=Q=O x Ovv=t —w[a Qo = ’q^4≡ 1 ’OQi q ’G = P SL_2(q) Cr=L QO ”s˝ Q˝o—t Q˙v QO =Q Ov=xOW OQwt QO =Pr w OvW=@—t r pw] —=Q=O OvwW—t Qy=˙ x —QwO -x˝ RHD QO xm —y˝O@ Q˝e —=yQwO s=tD x=ov; CU= p:w= —OOa —QwO Q=DN=U OvW=@—t 2 w p ’p —=yx@DQt —=Q=O ?˝DQD x@ xm {−I, I}a^{(q−1)/4} w {−I, I}d ’{−I, I}c —=[a= —QwO Q=DN=U =Pr CU= (q − 1)/4 pw]x@ QwO wO w C@=F x]kv wO —=Q=O {−I, I}a xmv˝= x@ xHwD =@ ”O˝;—t CUOx@ w OQ=O s=v^2Qov˝U QwO R˝v {−I, I}b w[a ”Ov˝;—t CUOx@ {−I, I}a —=yv=wD —QwO Q=DN=U C˝=yv QO w w[a u˝= Cr=L wO QO ”O˝;—t CUOx@ R˝v u; —=yv=wD —QwO Q=DN=U Kw[wx@ w OwW—t p˝mWD QwO l˝ R= “ki —QwO -x˝ RHD QO QO ?r=]t u˝= s=tD ”s˝ Qw; CUOx@ =Q G G˝wRD —=yTqm -xOv˝=tv —QwO Q=DN=U s˝v=wD—t x@=Wt Qw]x@ ’R˝v q —=Q@ Qo˝O %Ov=xOW xYqN VI w V ’IV —=ypwOH

”|G| =^1_2 q(q^2 − 1) ’q^4≡ 1 ’q = p^n ’OQi q ’G = P SL2(q) ≤ $q+1 xwQo —=[a= —QwO Q=DN=U ”IV pwOH g {−I, I}1 {−I, I}c {−I, I}d {−I, I}a^l {−I, I}a^{(q−1)/4} {−I, I}b^m |(g)| 1^1_2 (q^2 − 1)^1_2 (q^2 − 1) q(q + 1)^1_2 q(q + 1) q(q − 1) o(g) 1 p p^{(q−1)/2}_{(l,(q−1)/2)} 2^{(q+1)/2}_{(m,(q+1)/2)} |fix(g)| q + 1 1 1 2 2 0 g —QwO Q=DN=U 1^{q+1} 1^1p^{pn−1} 1^1p^{pn−1} 1^{2 (q−1)/2}_{(l,(q−1)/2)}^{2(l,(q−1)/2)} 1^22^{(q−1)/2 (q+1)/2}_{(m,(q+1)/2)}^{2(m,(q+1)/2)}

1 ≤ l ≤ (q − 5)/4 1 ≤ m ≤ (q − 1)/4

”|G| =^1_2 q(q^2 − 1) ’q^4≡ 3 ’q = p^n ’OQi q ’G = P SL2(q) ≤ $q+1 xwQo —=[a= —QwO Q=DN=U ”V pwOH g {−I, I}1 {−I, I}c {−I, I}d {−I, I}a^l {−I, I}b^m {−I, I}b^{(q+1)/4} |(g)| 1^1_2 (q^2 − 1)^1_2 (q^2 − 1) q(q + 1) q(q − 1)^1_2 q(q − 1) o(g) 1 p p^{(q−1)/2}_{(l,(q−1)/2)}^{(q+1)/2}_{(m,(q+1)/2)} 2 |fix(g)| q + 1 1 1 2 0 0 g —QwO Q=DN=U 1^{q+1} 1^1p^{pn−1} 1^1p^{pn−1} 1^{2 (q−1)/2}_{(l,(q−1)/2)}^{2(l,(q−1)/2) (q+1)/2}_{(m,(q+1)/2)}^{2(m,(q+1)/2)} 2^{(q+1)/2}

1 ≤ l ≤ (q − 3)/4 1 ≤ m ≤ (q − 3)/4

2) Singer cycle

46 —QwUv=D uQ=kD Tqm Oa@

”|G| = q(q^2 − 1) ’q = 2^n ’GwR q ’G = P SL2(q) ≤ $q+1 xwQo —=[a= —QwO Q=DN=U ”VI pwOH

g {I}1 {I}c {I}a^l {I}b^m |(g)| 1 q^2 − 1 q(q + 1) q(q − 1) o(g) 1 2^{q−1}_{(l,q−1)}^{q+1}_{(m,q+1)} |fix(g)| q + 1 1 2 0 g —QwO Q=DN=U 1^{q+1} 1^12^{q/2} 1^{2 q−1}_{(l,q−1)}^{(l,q−1) q+1}_{(m,q+1)}^{(m,q+1)}

1 ≤ l ≤ (q − 2)/2 1 ≤ m ≤ q/2

Q˝PB=vp˝wLD —=yDWQU s=tD w G = P SL_2(q) xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm Oa@ —=ypwtQi s˝v=wD—t uwvm = w a lQDWt x˝ra swUkt u˝ QDoQR@ (a, b) =˝=[k u˝= QO ”Ov=xOW Qy=˙ Q˝ R -x˝[k xU QO =ypwtQi u˝= ”s˝vm x@U=Lt =Qv; ”OvDUy C QO OL=w s=(q + 1) w s=(q − 1) x˝r:w= —=yxW˝ Q ?˝DQDx@ σ w ρ w OyO—t V˝=tv =Q b

—Q=OQ@ —=[i =Q V w q^4≡ 1 ’q = p^n ’OQi q ’OW=@ $_{q+1} R= —ywQoQ˝ R G = P SL_2(q) s˝vm ZQi 1”4”2 -x˝[k ”OvQ=QkQ@ V^{q+1}_χ (G) Oa@ —=Q@ Q˝ R —=ypwtQi χ ∈ I(G) —=Q@ CQwY u˝= QO ”s˝ Q˝o—t Q˙v QO C —wQ —Oa@ s

dim V^{q+1}_{1G} (G) = 2 q(q^2 − 1) [ s^{q+1} + (q^2 − 1)s^{1+pn−1} + q(q + 1) (q−5)/4∑

l=1 s^{2+2(l,(q−1)/2)}

+ 1 2 q(q + 1)s^{(q+3)/2} + q(q − 1) (q−1)/4 ∑ m=1 s^{2(m,(q+1)/2)} ] ,

dim V^{q+1}_ψ (G) = 2 q^2 − 1 [ qs^{q+1} + q(q + 1) (q−5)/4∑

l=1 s^{2+2(l,(q−1)/2)} + 1 2 q(q + 1)s^{(q+3)/2}

− q(q − 1) (q−1)/4∑

m=1 s^{2(m,(q+1)/2)} ] ,

47 swO pYi

dim V^{q+1}_{χi} (G) = 2 q(q − 1) [ (q + 1)s^{q+1} + (q^2 − 1)s^{1+pn−1} + q(q + 1) (q−5)/4∑

l=1 (ρ^{il} + ρ^{−il})s^{2+2(l,(q−1)/2)}

+ 1 2 q(q + 1)(ρ^{i(q−1)/4} + ρ^{−i(q−1)/4})s^{(q+3)/2} ] , i = 2, 4, 6, . . . , (q − 5)/2

dim V^{q+1}_{θj} (G) = 2 q(q + 1) [ (q − 1)s^{q+1} − (q^2 − 1)s^{1+pn−1} − q(q − 1) (q−1)/4∑

m=1 (σ^{jm} + σ^{−jm})s^{2(m,(q+1)/2)} ] , j = 2, 4, 6, . . . , (q − 1)/2

dim V^{q+1}_{ξ1} (G) = 1 q(q − 1) [ 1 2 (q + 1)s^{q+1} + 1 2 (q^2 − 1)s^{1+pn−1} + q(q + 1) (q−5)/4∑

l=1 (−1)^ls^{2+2(l,(q−1)/2)}

+ (−1)^{(q−1)/4} 1 2 q(q + 1)s^{(q+3)/2} ] ,

dim V^{q+1}_{ξ2} (G) = 1 q(q − 1) [ 1 2 (q + 1)s^{q+1} + 1 2 (q^2 − 1)s^{1+pn−1} + q(q + 1) (q−5)/4∑

l=1 (−1)^ls^{2+2(l,(q−1)/2)}

+ (−1)^{(q−1)/4} 1 2 q(q + 1)s^{(q+3)/2} ] .

=Pr w CU= a/d pw] x@ QwO d —=Q=O π^k x=ov; (a, k) = d w OW=@ a pw] x@ —QwO π Qo = xm CU= K[=w ”u=yQ@

IV pwOH QO CU= $_{q+1} R= —ywQoQ˝ R —Dkw G = P SL_2(q) —=[a= —QwO Q=DN=U uwvm = ”c(π^k) = d = (a, k)

2 ”O˝;—t CUOx@ smL 4”1”2 -x˝[k w I pwOH w pwOH u˝= ltm x@ w CU= OwHwt

”OvQ=O 1”4”2 -x˝[k u=yQ@ x@=Wt —v=yQ@ xm s˝ Qw;—t CUOx@ =Q Q˝ R —=yx˝[k q —=Q@ Qo˝O Cr=L wO QO

—Q=OQ@ —=[i =Q V w q^4≡ 3 ’q = p^n ’OQi q ’OW=@ $_{q+1} R= —ywQoQ˝ R G = P SL_2(q) s˝vm ZQi 2”4”2 -x˝[k

”OvQ=QkQ@ V^{q+1}_χ (G) Oa@ —=Q@ Q˝ R —=ypwtQi χ ∈ I(G) —=Q@ CQwY u˝= QO ”s˝ Q˝o—t Q˙v QO C —wQ —Oa@ s

48 —QwUv=D uQ=kD Tqm Oa@

dim V^{q+1}_{1G} (G) = 2 q(q^2 − 1) [ s^{q+1} + (q^2 − 1)s^{1+pn−1} + q(q + 1) (q−3)/4∑

l=1 s^{2+2(l,(q−1)/2)}

+ q(q − 1) (q−3)/4∑

m=1 s^{2(m,(q+1)/2)} + 1 2 q(q − 1)s^{(q+1)/2} ] ,

dim V^{q+1}_ψ (G) = 2 q^2 − 1 [ qs^{q+1} + q(q + 1) (q−3)/4∑

l=1 s^{2+2(l,(q−1)/2)} − q(q − 1) (q−3)/4∑

m=1 s^{2(m,(q+1)/2)}

− 1 2 q(q − 1)s^{(q+1)/2} ] ,

dim V^{q+1}_{χi} (G) = 2 q(q − 1) [ (q + 1)s^{q+1} + (q^2 − 1)s^{1+pn−1} + q(q + 1) (q−3)/4∑

l=1 (ρ^{il} + ρ^{−il})s^{2+2(l,(q−1)/2)} ] , i = 2, 4, 6, . . . , (q − 3)/2

dim V^{q+1}_{θj} (G) = 2 q(q + 1) [ (q − 1)s^{q+1} − (q^2 − 1)s^{1+pn−1} − q(q − 1) (q−3)/4∑

m=1 (σ^{jm} + σ^{−jm})s^{2(m,(q+1)/2)}

− 1 2 q(q − 1)(σ^{j(q+1)/4} + σ^{−j(q+1)/4})s^{(q+1)/2} ] , j = 2, 4, 6, . . . , (q − 3)/2

dim V^{q+1}_{η1} (G) = 1 q(q + 1) [ 1 2 (q − 1)s^{q+1} − 1 2 (q^2 − 1)s^{1+pn−1} − q(q − 1) (q−3)/4∑

m=1 (−1)^ms^{2(m,(q+1)/2)}

+ (−1)^{(q+5)/4} 1 2 q(q − 1)s^{(q+1)/2} ] ,

dim V^{q+1}_{η2} (G) = 1 q(q + 1) [ 1 2 (q − 1)s^{q+1} − 1 2 (q^2 − 1)s^{1+pn−1} − q(q − 1) (q−3)/4∑

m=1 (−1)^ms^{2(m,(q+1)/2)}

+ (−1)^{(q+5)/4} 1 2 q(q − 1)s^{(q+1)/2} ] .

s —Q=OQ@ —=[i =Q V w q = 2^n ’GwR q ’OW=@ $_{q+1} R= —ywQoQ˝ R G = P SL_2(q) s˝vm ZQi 3”4”2 -x˝[k

”OvQ=QkQ@ V^{q+1}_χ (G) Oa@ —=Q@ Q˝ R —=ypwtQi χ ∈ I(G) —=Q@ CQwY u˝= QO ”s˝ Q˝o—t Q˙v QO C —wQ —Oa@

49 swO pYi

dim V^{q+1}_{1G} (G) = 1 q(q^2 − 1) [ s^{q+1} + (q^2 − 1)s^{(q+2)/2} + q(q + 1) (q−2)/2 ∑ l=1 s^{2+(l,q−1)}

+ q(q − 1) q/2∑ m=1 s^{(m,q+1)} ] ,

dim V^{q+1}_ψ (G) = 1 q^2 − 1 [ qs^{q+1} + q(q + 1) (q−2)/2∑

l=1 s^{2+(l,q−1)} − q(q − 1) q/2∑ m=1 s^{(m,q+1)} ] ,

dim V^{q+1}_{χi} (G) = 1 q(q − 1) [ (q + 1)s^{q+1} + (q^2 − 1)s^{(q+2)/2} + q(q + 1) (q−2)/2∑

l=1 (ρ^{il} + ρ^{−il})s^{2+(l,q−1)} ] , i = 1, 2, . . . , (q − 2)/2

dim V^{q+1}_{θj} (G) = 1 q(q + 1) [ (q − 1)s^{q+1} − (q^2 − 1)s^{(q+2)/2} − q(q − 1) q/2∑ m=1 (σ^{jm} + σ^{−jm})s^{(m,q+1)} ] , j = 1, 2, . . . , q/2

swU pYi

—y˝O@ Q˝e —QwUv=D uQ=kD Tqm

—y˝O@ Q˝e —QwUv=D uQ=kD —=yTqm —UQQ@ x@ R=˝v R= —D=tOkt —@r=]t 1 VN@ QO ”CU= VN@ Q=yJ pt=W pYi u˝= QO —D=aq]= CU= umtt ’=yTqm u˝= Oa@ K˝ QY pwtQi uDUv=O xm s˝yO—t u=Wv —r=Ft =@ u˝vJty ”OQm s˝y=wN x¨=Q= Tqm uOw@ —y˝O@ Q˝e —UQQ@ —=Q@ =Q R=UQ=m —mLt 2 VN@ QO ”OyOv =yTqm u˝= uOw@ —y˝O@ Q˝e =˝ w —y˝O@ OQwt uQ=kD Tqm Oa@ K˝ QY pwtQi ,q@k xm =Q —v˝at —=yxwQo 4 w 3 —=yVN@ QO ”OQw; s˝y=wN CUOx@ —QwUv=D uQ=kD ”s˝vm—t —UQQ@ uOw@ —y˝O@ Q˝e Q˙v R= =Q =yTqm u˝= w s˝ Q˝o—t Q˙v QO s˝=xOQm x@U=Lt =Q =yv; x@ xDU@=w —QwUv=D

xtOkt 1ˇ3

—Q=OQ@ —=[i =Q V u˝vJty ”s˝vm—t ZQi G R= Q˝OB=vp˝wLD —DWQU =Q χ w $_n R= —ywQoQ˝ R =Q G VN@ u˝= QO =˝ w uOW QiY xr-=Ut —Q=OQ@ —=[i l˝ -xar=]t QO —a˝@] ,qt=m p˝=Ut R= —m˝ ”s˝ Q˝o—t Q˙v QO C —wQ —Oa@ m xJ —=R=x@ xm CU= xOw@ KQ]t =OD@= u=ty R= xr-=Ut u˝= R˝v —QwUv=D uQ=kD Tqm -xar=]t QO ”CU= =[i u; uOWv QiY ‘k=w QO ”^1CU= xOWv pL xr-=Ut u˝= Rwvy s˝vm xQ=W= xm CU= xHwD p@=k ”CU= QiYQ˝e V^n_χ (G) —˝=yχ xJ w ’=yG

V^n_χ (G) ’—=xOW xO=O —χ w G —=Q@ xm OQm XNWt u=wD—tv —DL C=kw= —r˝N xm CU= CNU QOkv; ’KQ]t xr-=Ut QO ”s˝vm —Ov@xOQ =Q CU= QiYQ˝e V^n_χ (G) =yv; —=Q@ xm =yχ w =yG s=tD xmv˝= x@ OUQ@ xJ ’xv =˝ w CU= QiYQ˝e R= Q˝PB=vp˝wLD —DWQU w u˝at —ywQo —=R=x@ =Q V^n_χ (G) uOWv QiY =˝ w uOW QiY ’xr-=Ut u˝= OQwt QO u=kkLt xH˝Dv

u˝= —=Q@ T˝ Qt ”CU= xOQm =O˝B V^n_χ (G) uOw@ QiYQ˝e —=Q@ —i=m w sRq “QW ı[16] x@ O˝vm x=ovȷ —=xr=kt QO T˝ Qt 1976 p=U QO ı1 R˝v xOt; CUOx@ pO=at “QW ltm x@ um˝rw ’CU= xOQm xO=iDU= GL(V, C ) —=xrtHOvJ —=yV˝=tv w $n —=yV˝=tv u˝@ —v=owO R= Qw˙vt ”Ovvm =O˝B =Q CU= QiYQ˝e V^n_χ (G) =yv; —=R= x@ xm =Q —˝=yχ w =yG s=tD Ov=xDUv=wDv

”Ovvm—t —UQQ@ u;

4”1”2 -x˝[k Q@=v@ x=ov; ’dim V = m = 1 s˝vm ZQi Qo = xm s˝vm—t xHwD 1”1”3 QmPD dim V^n_χ (G) = χ(1) |G| ∑ σ∈G χ(σ) = χ(1)(χ, 1_G)_G,

s˝ Qw;—t CUOx@ 30”1”0 QmPD Q@ =v@ =Pr w

dim V^n_χ (G) =

0 : χ ≠ 1_G Qo = 1 : χ = 1_G Qo = —y˝O@ Q˝e x@ “w@ Qt p˝=Ut —UQQ@ QO =Pr ”V^n_{1G} (G) ≠ o w χ ≠ 1_G —Dkw V^n_χ (G) = o Cr=L u˝= QO xH˝Dv QO ”n ≥ 2 OQm s˝y=wN ZQi xQ=wty u˝vJty ”dim V = m ≥ 2 s˝vm—t ZQi xQ=wty V^n_χ (G) uOw@

O˝=W =Q˝ R ’CU= xOW xO=O —χ w G —=Q@ V^n_χ (G) Oa@ K˝ QY pwtQi uOQm =O˝B ’xr-=Ut u˝= x@ xrtL —=yx=Q R= —m˝ ”s˝ Qw;—t =Q Q˝ R p=Ft ?r]t uOW uWwQ —=Q@ ”xv =˝ CU= QiY V^n_χ (G) xm O=O X˝NWD Oa@ pwtQi —wQ R= u=wD@

—rY= CWQU χ = 1_G Qo = ”G = ⟨π⟩ s˝yO—t Q=Qk w OW=@ $_n QO n pw] x@ —QwO π s˝vm ZQi 2”1”3 p=Ft 6”1”2 p=Ft Q@=v@ x=ov; ’OW=@ G dim V^n_χ (G) = 1 n ∑ d|n φ( n d )m^d R= —m =L Kw[wx@ q=@ pwtQi =Pr ’OQ˝o—t OwNx@ =Q —a˝@] O=Oa= xQ=wty ‘@=D u˝= uwJ ”CU= Qr˝w= *—i —a@=D φ u; QO xm ”V^n_χ (G) ≠ o X=N —QwUv=D uQ=kD Tqm u˝= —=Q@ xm CU= u;

=˝ w CU= QiY V^n_χ (G) =˝; —=xOW xO=O —χ w G —=R=x@ xmv˝= —UQQ@ —=Q@ VwQ u˝= xm s˝vm—t xHwD 3”1”3 QmPD xmv˝= =˝ w OQm XNWt K˝ QY Qw]x@ =Q Oa@ pwtQi u=wD—tv ,qY= =˝ OQ=wt ?re= =Q˝ R ’^2OWv p˝O@D R=UQ=m —WwQ x@ ’xv xH˝Dv QO ”O=O X˝NWD =Q VvOw@v =˝ w uOw@ QiY u; —wQ R= u=wD—tv xm CU= xO˝J˝B QOkv; xOt; CUOx@ K˝ QY pwtQi xQ=W= u; x@ Q˝ R QO xJv; ”O˝; CUOx@ xr-=Ut u˝= x@ xrtL —=Q@ QD?U=vt —˝=yQ=R@= =D OW ‘wQW C=ar=]t R= —Qo˝O -xOQ ”OW=@—t KQ]t xr-=Ut x@ xrtL —=yQ=R@= u˝= R= —m˝ OQwt QO K˝[wD s˝vm—t

-x@U=Lt ’O=Oa= -x˝ Q˙v x@ “w@ Qt ?r=]t x@ u; “=@DQ= w xOW xO=O —χ w G —=R=x@ K˝ QY Qw]x@ Oa@ pwtQi -x@U=Lt —oO˝J˝B Cra x@ ı2 Tqm uOWv QiY =˝ w uOW QiY u=wD—t u; ltm x@ =˝; xmv˝= R= Q˙viQYȷ CU= xOW p˝O@D u=H˝y QB -xr-=Ut l˝ x@ ’K˝ QY Qw]x@ Oa@ pwtQi ”Ov=xO=O p˝mWD =Q [3] —=xLiY 5 -xr=kt ‘w[wt Qo˝O Oa@ pwtQi l˝ x=Qty x@ 6”1”2 p=Ft ”ıxv =˝ OQw; CUOx@ =Q xDU@=w —QwUv=D uQ=kD ”Ov=xOW x@U=Lt u˝at —˝=yxwQo x@ xDU@=w —QwUv=D uQ=kD Tqm —=Q@ Oa@ K˝ QY pwtQi R˝v [22] w [10] ’[6] ’[5] ’[4] Cq=kt QO u˝vJty

—QwUv=D uQ=kD Tqm -x˝ RHD 2ˇ3

—=[i =Q V u˝vJty ”G R= Q˝PB=vp˝wLD —DWQU =Q χ w s˝vm—t ZQi $_n R= —ywQoQ˝ R =Q G R˝v VN@ u˝= QO ?DQt —=y —˝=Dn s=tD -xawtHt =@ CU= Q@=Q@ Γ^n_m xm s˝vm—t —Qw;O=˝ ”s˝ Q˝o—t Q˙v QO C —wQ —Oa@ m —Q=OQ@ —va˝ ’1 ≤ α_i ≤ m u; QO xm α = (α_1, . . . , α_n)

Γ^n_m = {α = (α_1, . . . , α_n)|1 ≤ α_i ≤ m}

x=ovȷ Ovm—t pta Γ^n_m —wQ σ.α = (α_σ−1_{(1)}, . . . , α_σ−1_{(n)}) “UwD G xwQo u˝vJty ”ı1”1”2 h˝ QaD x@ O˝vm x=ovȷ 5”2”1 h˝ QaD Q@=v@ CQwY u˝= QO ’OW=@ V —=Q@ —=x˝=B {e_1, . . . , e_m} Qo = xm s˝vm—t —Qw;O=˝ ”ı2”1”2 -x˝[k x@ O˝vm ” e^∗_α = e_{α1} ∗ · · · ∗ e_{αn} = T (G, χ)(e_{α1} ⊗ · · · ⊗ e_{αn} ) = T (G, χ)(e^⊗_α ) =@ CU= Q@=Q@ e^∗_α

—QwUv=D uQ=kD Tqm {e^∗_α|α ∈ Γ^n_m} CQwY u˝= QO ”OW=@ V —=Q@ —=x˝=B {e_1, . . . , e_m} s˝vm ZQi 1”2”3 sr —va˝ ’Ovm—t O˝rwD =Q V^n_χ (G) V^n_χ (G) = +_{α∈Γnm}⟨e^∗_α⟩. h˝ QaD Q@=v@ ”s˝ Q˝o—t Q˙v QO s˝OQm —iQat 8”1”1 h˝ QaD QO xm =Q T (G, χ) :^n⊗V →^n⊗V R=UuQ=kDt ”u=yQ@ =Pr ’CU=^n⊗V —=Q@ —=x˝=B {e^⊗_α |α ∈ Γ^n_m} xm s˝vm—t xHwD uwvm = ”V^n_χ (G) = Im T (G, χ) s˝v=O—t 4”2”1

2 ”OQm Oy=wN O˝rwD =Q V^n_χ (G) —QwUv=D uQ=kD Tqm {T (G, χ)(e^⊗_α )|α ∈ Γ^n_m} = {e^∗_α|α ∈ Γ^n_m}

s˝yO—t V˝=tv O(α) =@ xm =Q α Q=Ot ’α ∈ Γ^n_m Qy —=Q@ ”s˝ Q˝o—t Q˙v QO Γ^n_m —wQ =Q G pta 2”2”3 h˝ QaD ”s˝vm—t h˝ QaD O(α) = {σ.α|σ ∈ G} CQwYx@

OwHwx@ =Q Γ^n_m R= —R=Qi= Ovm—t pta Γ^n_m —wQ G xm —Dkw Γ^n_m —=RHt —=yQ=Ot s=tD -xawtHt xm s˝vm—t xHwD ”OvQw;—t

G xm —Dkw Γ^n_m —=RHt —=yQ=Ot -xOv˝=tv s=tD -xawtHt =Q Δ ”s˝ Q˝o—t Q˙v QO Γ^n_m —wQ =Q G pta 3”2”3 h˝ QaD ”s˝vm—t h˝ QaD Ovm—t pta Γ^n_m —wQ

”s˝ Qw; CUOx@ =Q 1”2”3 sr R= —QDxDi=˝ s˝tQD CQwY s˝v=wD—t Δ -xawtHt ltm x@ uwvm =

CQwY u˝= QO ”OW=@ V —=Q@ —=x˝=B {e_1, . . . , e_m} s˝vm ZQi 4”2”3 sr V^n_χ (G) = +_{α∈Δ}⟨e^∗_{σ.α}|σ ∈ G⟩.

1”2”3 sr x@ xHwD =@ =Pr w Γ^n_m = ⋃ α∈Δ O(α) = ⋃ α∈Δ {σ.α|σ ∈ G} xm s˝vm—t xHwD ”u=yQ@

V^n_χ (G) = +_{α∈Γnm}⟨e^∗_α⟩ = +_{α∈Δ} +_{β∈O(α)} ⟨e^∗_β⟩ = +_{α∈Δ} +_{σ∈G} ⟨e^∗_{σ.α}⟩ = +_{α∈Δ}⟨e^∗_{σ.α} | σ ∈ G⟩. 2 h˝ QaD Q˝ R CQwY x@ s˝yO—t V˝=tv V^∗_α =@ xm =Q α x@ xDU@=w —Q=Ot —=[i Q˝ R ’α ∈ Δ Qy —=Q@ 5”2”3 h˝ QaD s˝vm—t V^∗_α = ⟨e^∗_{σ.α} | σ ∈ G⟩. %OQ˝o—t OwN x@ —O˝OH pmW 4”2”3 sr ’h˝ QaD u˝= wDQB QO

CQwY u˝= QO ”OW=@ V —=Q@ —=x˝=B {e_1, . . . , e_m} s˝vm ZQi 6”2”3 sr V^n_χ (G) = +_{α∈Δ}V^∗_α .

”CU= xOW Qy=˙ Oa@ -x˝[k QO ‘w[wt u˝= ”CU= s˝kDUt ‘k=w QO ’q=@ ‘wtHt xm s˝yO—t u=Wv uwvm =

CQwY u˝= QO ”OW=@ V —=Q@ —=x˝=B {e_1, . . . , e_m} s˝vm ZQi 7”2”3 -x˝[k V^n_χ (G) = ⊕_{α∈Δ}V^∗_α .

?Q[ u˝= x@ C@Uv {e_1, . . . , e_m} xm C˝Y=N u˝= =@ ’s˝vm—t RyHt —rN=O ?Q[ l˝ x@ =Q V ”u=yQ@ CQwYx@^n⊗V —wQ —rN=O ?Q[ l˝ ’V —wQ —rN=O ?Q[ ”OOQo p˝O@D x:m˝ w Ot=aDt —=x˝=B x@ —rN=O —QwUv=D uQ=kD Tqm ’V^n_χ (G) x@ u; O˝OLD xm Ovm—t ¡=kr= ⟨u_1 ⊗ · · · ⊗ u_n | v_1 ⊗ · · · ⊗ v_n⟩ =^n ∏ i=1 ⟨u_i|v_i⟩ u=Wv w s˝ Q˝o—t Q˙v QO =Q ’α ≠ β ’α, β ∈ Δ uwvm = ”Ovm—t pO@ —rN=O ?Q[ —=[i l˝ x@ =Q χ w G x@ xDU@=w ”V^∗_α ⊥V^∗_β s˝yO—t σ ∈ G Qy w V R= v_n’. . . ’v_1 w u_n’. . .’u_1 Qy —=Q@ xm s˝vm—t xHwD Qw˙vt u˝= —=Q@ ⟨P (σ)(u_1 ⊗ · · · ⊗ u_n) | v_1 ⊗ · · · ⊗ v_n⟩ = ⟨u_σ−1_{(1)} ⊗ · · · ⊗ u_σ−1_{(n)} | v_1 ⊗ · · · ⊗ v_n⟩ = n∏ i=1 ⟨u_σ−1_{(i)} | v_i⟩ = n∏ i=1 ⟨u_i | v_{σ(i)}⟩ = ⟨u_1 ⊗ · · · ⊗ u_n | v_{σ(1)} ⊗ · · · ⊗ v_{σ(n)}⟩ = ⟨u_1 ⊗ · · · ⊗ u_n | P (σ^{−1})(v_1 ⊗ · · · ⊗ v_n)⟩ , xH˝Dv QO ”P (σ)^∗ = P (σ^{−1}) =Pr w T (G, χ)^∗ = χ(1) |G| ∑ σ∈G χ(σ)P (σ)^∗ = χ(1) |G| ∑ σ∈G χ(σ)P (σ^{−1}) = χ(1) |G| ∑ σ∈G χ(σ^{−1})P (σ^{−1}) 24”1”0 -x˝[k Q@=v@ = χ(1) |G| ∑ σ∈G χ(σ)P (σ) = T (G, χ) .

%s˝ Q=O e^∗_{τ.β} ∈ V^∗_β w e^∗_{σ.α} ∈ V^∗_α —=Q@ xH˝Dv QO ”CU= j=Lr=OwN —Qorta T (G, χ) Qorta —va˝ ⟨e^∗_{σ.α}|e^∗_{τ.β}⟩ = ⟨T (G, χ)(e^⊗_{σ.α}) | T (G, χ)(e^⊗_{τ.β})⟩ = ⟨T (G, χ)^∗T (G, χ)(e^⊗_{σ.α}) | e^⊗_{τ.β}⟩ = ⟨T (G, χ)(e^⊗_{σ.α}) | e^⊗_{τ.β} ⟩ 10”1”1 -x˝[k Q@=v@ = ⟨^{χ(1)}_{|G|} ∑ μ∈G χ(μ)P (μ)(e^⊗_{σ.α}) | e^⊗_{τ.β} ⟩ = ⟨^{χ(1)}_{|G|} ∑ μ∈G χ(μ)e^⊗_{μσ.α} | e^⊗_{τ.β}⟩ =^{χ(1)}_{|G|} ∑ μ∈G χ(μ)^n ∏ i=1 ⟨e_{α(μσ)−1(i)} | e_{βτ−1 (i)} ⟩ = 0 .

2 ”V^n_χ (G) = ⊕_{α∈Δ}V^∗_α xm OyO—t xH˝Dv 6”2”3 sr =Pr w V^∗_α ⊥V^∗_β ’Δ QO α ≠ β Qy —=Q@ xm OyO—t u=Wv u˝=

CU= umtt xm CU= u˝= xHwD p@=k xDmv ”OyO—t CUOx@ V^n_χ (G) —QwUv=D uQ=kD Tqm R= —=x˝ RHD q=@ -x˝[k -xr=kt QO R˝ Qi “UwD xm Q˝ R -x˝[k ”s˝vm —˝=U=vW =Q =yα u˝= s˝y=wN—t ”OW=@ QiY V^∗α ’=yα ∈ Δ R= —[a@ —=Q@ QO =Qv; xm OwW—t Qy=˙ x˝[k u˝= CQwY QO —O=tv xm s˝vm—t xHwD ”OyO—t MU=B p=-wU u˝= x@ CU= xOW C@=F [9] ”Ovm—t jQi [9] QO xOW x¨=Q= u=yQ@ =@ s˝vm—t KQ]t x˝[k u˝= —=Q@ Q˝ R QO xm —v=yQ@ u˝vJty ”s˝vm—t h˝ QaD Q˝ R

s˝yO—t V˝=tv G_α =@ xm =Q α R=UQ=O˝=B ’α ∈ Γ^n_m Qy —=Q@ ”s˝ Q˝o—t Q˙v QO Γ^n_m —wQ =Q G pta 8”2”3 h˝ QaD ”s˝vm—t h˝ QaD G_α = {σ ∈ G | σ.α = α} CQwYx@

”O˝;—t CUOx@ Q˝ R -x]@=Q R= ’dim V^∗_α ’V^∗_α Oa@ ’α ∈ Δ Qy —=Q@ ”ıR˝ Qi_-x˝[kȷ 9”2”3 -x˝[k

dim V^∗_α = χ(1)(χ ↓_{Gα} , 1_{Gα} )_{Gα} = χ(1) |G_α| ∑ σ∈G_α χ(σ) s ˝ v m— t ZQ i ’α ∈ Δ —=Q @ ”O W= @ V —=Q @ —=x ˝= B {e_1, . . . , e_m} s ˝ Q ˝ o ”u= yQ @ ZQ i w s ˝ Q ˝ o— t Q ˙ v QO =Q P (σ) :^n⊗V →^n⊗V — D W o ˝= H Q o r t a ”V^⊗_α = ⟨e^⊗_{τ.α}|τ ∈ G⟩ —=y—w=UD ”OW=@ V^⊗_α x@ P (σ) O˝OLD P_α(σ) s˝vm—t P_α(σ)(e^⊗_{τ.α}) = P_α(σ)(e_{ατ−1(1)} ⊗ · · · ⊗ e_{ατ−1 (n)} ) = e_{ατ−1(σ−1 (1))} ⊗ · · · ⊗ e_{ατ−1 (σ−1(n))} = e_{α(στ)−1 (1)} ⊗ · · · ⊗ e_{α(στ)−1 (n)} = e^⊗_{στ.α} l˝ P_α(σ) : V^⊗_α → V^⊗_α xH˝Dv QO ”OW=@—t =˝=B P_α(σ) CLD V^⊗_α =Pr w P_α(σ)(e^⊗_{τ.α}) ∈ V^⊗_α xm OyO—t u=Wv

P_α(στ) = P_α(σ)P_α(τ) C˝Y=N ’P (στ) = P (σ)P (τ) ’σ, τ ∈ G Qy —=Q@ xmv˝= ”OW Oy=wN —]N Qorta

Ovm—t p˝O@D G xwQo R= V˝=tv l˝ x@ P_α : σ → P_α(σ) h˝ QaD =@ =Q P_α : G → GL(V^⊗_α , C ) w Ov=UQ—t EQ= x@ =Q u˝= —=Q@ ”ξ = 1_{Gα} ↑^G s˝yO—t u=Wv w ’OW=@ P_α “UwD xOW u˝t-=D CWQU ξ s˝vm—t ZQi uwvm = ”CU= K[=w xH˝Dv ’ P_α(σ)(e^⊗_{τ.α}) = e^⊗_{στ.α} ’s˝O=O s=Hv= q=@ QO xm —=x@U=Lt x@ xHwD =@ ”s˝vm—t xO=iDU= 33”1”0 -x˝[k R= Qw˙vt l˝ w ’CU= xOW p˝mWD l˝ w QiY R= V^⊗_α —=Q@ {e^⊗_{τ.α}|τ ∈ G} -x˝=B x@ C@Uv P_α(σ) T˝ QD=t —rY= Q]k s˝ Q˝o—t =Pr ”τ^{−1}στ ∈ G_α =˝ τ^{−1}στ.α = α =˝ τ.α = στ.α xm OyO—t MQ —Dkw “ki w “ki

ξ(σ) = tr P_α(σ)= 1 |G_α| |{τ ∈ G|τ^{−1}στ ∈ G_α}|= 1 |G_α| ∑ τ∈G 1^0_{Gα} (τ^{−1}στ) = 1 |G_α| ∑ τ∈G 1^0_{Gα} (τστ^{−1}) u; QO xm 1^0_{Gα} (μ) =

1 : μ ∈ G_α Qo = 0 : μ ∉ G_α Qo = ”ξ = 1_{Gα} ↑^G =Pr w ξ(σ) = 1_{Gα} ↑^G (σ) xm OyO—t xH˝Dv 33”1”0 -x˝[k uwvm = ”s˝vm—t h˝ QaD T_α(G, χ) =^{χ(1)}_{|G|} ∑ σ∈G χ(σ)P_α(σ) CQwYx@ =Q T_α(G, χ) : V^⊗_α → V^⊗_α —]N Qorta p=L w V^∗_α = Im T_α(G, χ) s˝vm—t xHwD =:t= ”CU= u=wDOwN T_α(G, χ) xm OwW—t xO˝O 10”1”1 -x˝[k u=yQ@ j@=]t =Pr dim V^∗_α = dim Im T_α(G, χ) = Rank T_α(G, χ) = tr T_α(G, χ) = tr (_{χ(1)} |G| ∑ σ∈G χ(σ)P_α(σ) )

=^{χ(1)}_{|G|} ∑ σ∈G χ(σ)tr P_α(σ) =^{χ(1)}_{|G|} ∑ σ∈G χ(σ)ξ(σ) = χ(1)(χ, ξ)_G = χ(1)(χ, 1_{Gα} ↑^G)_G = χ(1)(χ ↓_{Gα} , 1_{Gα} )_{Gα} 35”1”0 -x˝[k Q@=v@

2 ” dim V^∗_α = χ(1)(χ ↓G_α , 1G_α )G_α =^{χ(1)}_{|Gα|}^∑_{σ∈Gα} χ(σ) xm OwW—t C@=F =Pr

s=tD -xawtHt =Q Ω u˝vJty ” ∑ σ∈G_α χ(σ) ≠ 0 xm s˝ Q˝o—t Q˙v QO =yα ∈ Δ s=tD -xawtHt =Q Δ 10”2”3 h˝ QaD

—va˝ ”^∑_{σ∈Gα} χ(σ) ≠ 0 xm s˝ Q˝o—t Q˙v QO =yα ∈ Γ^n_m Δ = {α ∈ Δ| ∑ σ∈G_α χ(σ) ≠ 0}, Ω = {α ∈ Γ^n_m| ∑ σ∈G_α χ(σ) ≠ 0}. 7”2”3 -x˝[k =Pr w ’V^∗_α ≠ o ’α ∈ Ω xm —˝=yα —=Q@ “ki xm s˝@=˝—t QO 10”2”3 h˝ QaD w 9”2”3 -x˝[k wDQB QO ”O@=˝—t Ow@y@ Q˝ R CQwYx@

CQwY u˝= QO ”OW=@ V —=Q@ —=x˝=B {e_1, . . . , e_m} s˝vm ZQi 11”2”3 -x˝[k V^n_χ (G) = ⊕_{α∈Δ}V^∗_α

”s˝vm—t h˝ QaD o =Q CU=Q hQ] ’Δ = ? Qo = pwtat j@=]t xm

”dim V^∗_α = 1 ’α ∈ Δ Qy —=Q@ CQwY u˝= QO ”OW=@ —]N Q˝PB=vp˝wLD CWQU l˝ χ s˝vm ZQi 12”2”3 -xH˝Dv

”χ ↓_{Gα} (1) = 1 xH˝Dv QO χ(1) = 1 =Pr ’OW=@—t G R= —]N Q˝PB=vp˝wLD CWQU χ uwJ ”u=yQ@ ’30”1”0 QmPD Q@=v@ xH˝Dv QO ”Ow@ Oy=wN G_α R= Q˝PB=vp˝wLD —DWQU ,=twRr w CU= —]N χ ↓_{Gα} xmv˝= —va˝ TB α ∈ Δ uwJ w dim V^∗_α = 0 =˝ 1 xm OyO—t xH˝Dv 9”2”3 -x˝[k uwvm = ”(χ ↓_{Gα} , 1_{Gα} )_{Gα} = 0 =˝ 1

2 ”dim V^∗_α = 1

w V^n_χ (G) ≠ o x=ov; ’Ω ≠ ? Qo = xm OwW—t xH˝Dv 10”2”3 h˝ QaD w 11”2”3 w 9”2”3 —=˝=[k R= 13”2”3 QmPD %O˝;—t CUOx@ χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm uOw@ —y˝O@ Q˝e —=Q@ ?U=vt —mLt =Pr ”V^n_χ (G) ≠ o CQwY u˝= QO ı(χ ↓_{Gα} , 1_{Gα} )_{Gα} ≠ 0^,qO=atȷ ∑ σ∈G_α χ(σ) ≠ 0 xm OW=@ OwHwt α ∈ Γ^n_m Qo =

”V^n_χ (G) ≠ o ’m ≥ n —=Q@ 14”2”3 -x˝[k

R˝=tDt α —=yxir-wt s=tD uwJ ”CU= Γ^n_m R= —w[a α = (1, 2, . . . , n) ’m ≥ n “QW x@ xHwD =@ ”u=yQ@ ’ ∑ σ∈G_α χ(σ) = χ(1) ≠ 0 xH˝Dv QO w G_α = {1} s˝ Qw;—t CUOx@ Kw[wx@ Γ^n_m —wQ G pta x@ xHwD =@ ’OvDUy

2 ”V^n_χ (G) ≠ o —va˝

”CU= xOW u=˝@ —QwUv=D uQ=kD Tqm OvJ uOw@ —y˝O@ Q˝e q=@ lLt ltm x@ [18] w [16] Cq=kt QO

$_n QO —r˝m V˝=tv =@ G —Dkw G xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm 3^ˇ3

Ov˝Wv—t

K˝ QY pwtQi w s˝DiQo Q˙v QO =Q Ov˝Wv—t $_n QO —r˝m V˝=tv =@ G —Dkw G xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm 3ˇ2 QO —UQQ@ OQwt uOw@ —y˝O@ Q˝e Q˙v R= =Q =yTqm u˝= VN@ u˝= QO uwvm = ”s˝OQw; CUOx@ =Q Tqm u˝= Oa@ -x@U=Lt —=Q@ ”OvyO—t p˝mWD =Q [7] w [5] R= —DtUk ’VN@ u˝= ?r=]t ”O=O s˝y=wN Q=Qk

V w Ovm—t pta Ω —w[a n -xawtHt —wQ Q=O=iw Qw]x@ xm OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 1”3”3 -x˝[k Qy —=Q@ x=ov; |fix(g)| ≤ l ’g ∈ G − {1} Qy —=Q@ Qo = ”s˝ Q˝o—t Q˙v QO C —wQ —Oa@ m —Q=OQ@ —=[i l˝ =Q ”V^n_χ (G) ≠ o ’χ ∈ I(G) w m ≥ l + 2

xm CU= —Qw] l^′ —va˝ ’CU= xv˝y@ —q=@ u=Qm l^′ u; QO xm |fix(g)| ≤ l^′ ’g ∈ G − {1} Qy —=Q@ s˝ Q˝o ”u=yQ@ w s˝ Q˝o—t Q˙v QO Γ^n_m —wQ =Q G pta ”l^′ ≤ n − 2 w l^′ ≤ l =Pr ”|fix(g)| = l^′ xm CU= OwHwt g ∈ G − {1} m ≥ l^′ + 2 s˝ Qw;—t CUOx@ m ≥ l + 2 Qo = ”α = (1, 2, . . . , l^′, l^′ + 1, l^′ + 2, . . . , l^′ + 2) s˝yO—t Q=Qk

—DL=Qx@ ZQi Q@=v@ ”α ∈ Δ xm s˝ Q˝o@ —Qw] =Q Δ s˝v=wD—t w α ∈ Γ^n_m xm OyO—t xH˝Dv l^′ + 2 ≤ n =Pr w Q@=v@ Δ uOw@ —yD=v uwvm = ”α ∈ Δ =Pr w^∑_{g∈Gα} χ(g) = χ(1) ≠ 0 xH˝Dv QO ’G_α = {1} xm s˝ Qw;—t CUOx@

2 ”OyO—t xH˝Dv =Q smL 13”2”3 QmPD

xHwD ”s˝ Qw;—t CUOx@ =Q Q˝ R -xH˝Dv =Pr ’|fix(g)| ≤ n − 2 ’g ∈ G − {1} Qy —=Q@ xmv˝= x@ xHwD =@ p=L ”Ow@ Oy=wN 14”2”3 -x˝[k s˝taD 1”3”3 -x˝[k =Pr ”CU= 14”2”3 -x˝[k u=ty xH˝Dv u˝= R= —DtUk xm s˝vm—t

=Q V w Ovm—t pta Ω —w[a n -xawtHt —wQ Q=O=iw Qw]x@ xm OW=@ —y=vDt xwQo l˝ G s˝vm ZQi 2”3”3 -xH˝Dv ”V^n_χ (G) ≠ o ’χ ∈ I(G) w m ≥ n Qy —=Q@ CQwY u˝= QO ”s˝ Q˝o—t Q˙v QO C —wQ —Oa@ m —Q=OQ@ —=[i l˝ ”V^n_χ (G) ≠ o s˝ Q=O m ≥ n —Dkw $_n R= G xwQoQ˝ R Qy —=Q@ XNq=@

—=yTqm ’OwW—t xDiQo Q˙v QO $_n R= —ywQoQ˝ R —r˝m V˝=tv =@ G —Dkw X=N Cr=L QO xm s˝yO—t u=Wv uwvm = ”Ov=—y˝O@ Q˝e —oty ’G Q˝PB=vp˝wLD —=yDWQU w G x@ xDU@=w —QwUv=D uQ=kD

—=[i V Qo = ”CU= $_n R= —ywQoQ˝ R —r˝m V˝=tv =@ xm OW=@ —w[a n xwQo l˝ G s˝vm ZQi 3”3”3 -x˝[k ”V^n_χ (G) ≠ o ’χ ∈ I(G) w m ≥ 2 Qy —=Q@ x=ov; ’OwW ZQi C —wQ —Oa@ m —Q=OQ@

=Pr w |fix(g)| = 0 ’g ∈ G − {1} Qy —=Q@ xm CU= K[=w —r˝m V˝=tv =@ $_n QO G uOv=Wv Q=DN=U R= ”u=yQ@

2 ”OwW—t xH˝Dv smL 1”3”3 -x˝[k Q@=v@

$_{4n} QO —r˝m V˝=tv =@ xwQo u˝= ”s˝ Q˝o—t Q˙v QO xOW —iQat 3ˇ2 QO xm =Q G = T_{4n} —QwO wO xwQo uwvm =

”s˝ Qw;—t CUOx@ =Q Q˝ R -xH˝Dv =Pr w Ov˝Wv—t

QO ”OW=@ C —wQ —Oa@ m —Q=OQ@ —=[i l˝ V s˝vm—t ZQi w s˝ Q˝o—t Q˙v QO =Q G = T_{4n} xwQo 4”3”3 -xH˝Dv ”V^{4n}_χ (G) ≠ o ’χ ∈ I(G) w m ≥ 2 Qy —=Q@ CQwY u˝=

G = P SL_2(q) xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm 4ˇ3

R= =Qv; Q˝PB=vp˝wLD —=yDWQU w xwQo u˝= x@ xDU@=w —QwUv=D uQ=kD Tqm G = P SL_2(q) xwQo —iQat R= TB ’4ˇ2 QO s˝vm—t —Qw;O=˝ ”s˝vm—t —UQQ@ uOw@ —y˝O@ Q˝e Q˙v R= =Q =yTqm u˝= uwvm = ”s˝O=O Q=Qk xHwD OQwt Oa@ -x@U=Lt Q˙v =Pr w Ovm—t pta Q=O=iw w —r=kDv=ˇ2 CQwYx@ CU= x]kv q + 1 pt=W xm —Q˝wYD “N —wQ G = P SL_2(q) xwQo xm VN@ u˝= QU=QU QO ”Ow@ Oy=wN —vat =@ χ ∈ I(G) Qy —=Q@ V^{q+1}_χ (G) xH˝Dv QO w G ≤ $_{q+1} s˝vm ZQi s˝v=wD—t ?r=]t u˝= ”s˝vm—t xO=iDU= 4ˇ2 QO OwHwt —=ypwOH R= w s˝ Q˝o—t Q˙v QO C —wQ s Oa@ R= —Q=OQ@ —=[i =Q V ”Ovv=WwB—t =Q [6] R= —WN@

—=[i l˝ V s˝vm—t ZQi w s˝ Q˝o—t Q˙v QO $_{q+1} R= —ywQoQ˝ R u=wvax@ =Q G = P SL_2(q) xwQo 1”4”3 -x˝[k %CQwY u˝= QO ”dim V = s = 2 xm —Qw] OW=@ C —wQ —Q=OQ@ ’χ Qy —=Q@ x=ov; ’q^4≡ 1 ’q = p^n ’OQi q Qo = ı1

χ ∈ I(G) − {χ_i, ξ_1, ξ_2 | i = 2, 4, . . . , (q − 5)/2; i^4≡ 2}

’V^{q+1}_{ξ2} (G) ≠ o w V^{q+1}_{ξ1} (G) ≠ o x=ov; q^8≡ 1 Qo = xwqax@ ’V^{q+1}_χ (G) ≠ o ’χ Qy —=Q@ x=ov; ’q^4≡ 3 ’q = p^n ’OQi q Qo = ı2

χ ∈ I(G) − {θ_j , η_1, η_2 | j = 2, 4, . . . , (q − 3)/2; j^4≡ 0}

’V^{q+1}_{η2} (G) ≠ o w V^{q+1}_{η1} (G) ≠ o x=ov; q^8≡ 3 Qo = xwqax@ ’V^{q+1}_χ (G) ≠ o ’χ Qy —=Q@ x=ov; ’q = 2^n ’GwR q Qo = ı3 χ ∈ I(G) − {θ_j | 1 ≤ j ≤ q/2} ”V^{q+1}_χ (G) ≠ o

“N —w[a 2 —=yxawtHtQ˝ R —wQ =Q G pta w α = (1, 1, 2, 2, . . . , 2) ∈ Γ^{q+1}_2 s˝yO—t Q=Qk ”u=yQ@ ’Ω̃ ⊆ Ω ’G_{~_{Ω}} ”CU= —r=kDv= pta u˝= Kw[wx@ ”s˝ Q˝o—t Q˙v QO ’Ω^{{2}} ’CU= x]kv q + 1 pt=W xm Ω —Q˝wYD s˝ Qw;—t CUOx@ 35”1”0 -x˝[k Q@=v@ ”G_α = G_{~_{Ω}} Kw[wx@ ”s˝ Q˝o—t Q˙v QO Ω̃ —=xawtHt R=UQ=O˝=B =Q |Ω̃| = 2 pta R= xm CU= G —DWo˝=H CWQU 1_{Gα} ↑^G= 1_{G{Ω̃}} ↑^G= ξ um˝rw ” (χ ↓_{Gα} , 1_{Gα} )_{Gα} = (χ, 1_{Gα} ↑^G)_G u˝=Q@=v@ ”O˝;—t CUOx@ Ω^{{2}} —wQ G

(χ ↓_{Gα} , 1_{Gα} )_{Gα} = (χ, ξ)_G

Q˙v QO Ω —wQ —DWo˝=H u=wvax@ =Q g ”OvDUy =˝=B g CLD xm CU= Ω —w[a 2 —=yxawtHtQ˝ R O=OaD ξ(g) u; QO xm (_{θ(g)} 2 ) u˝=Q@=v@ ”s˝yO—t V˝=tv θ =@ =Q Ω —wQ G pta R= pY=L G —DWo˝=H CWQU xm s˝vm—t —Qw;O=˝ w s˝ Q˝o—t 1 2 (θ(g^2) − θ(g)) xm OyO—t u=Wv —=xO=U -x@U=Lt ”OvQ=O˝=B —=xawtHt swyit x@ g CLD Ω R= —w[a 2 -xawtHtQ˝ R

Q@=Q@ OvQ=O˝=B g “UwD xm Ω R= —w[a 2 —=yxawtHtQ˝ R pm O=OaD =Pr w ’OvwW—t Qy=˙ g —QwO -x˝ RHD QO 2 pw] x@ QwO =@ CU= ξ(g) = ( θ(g) 2 ) + θ(g^2) − θ(g) 2 = 1 2 ( θ(g)^2 + θ(g^2) ) − θ(g). ”s˝=xOQm x@U=Lt IX w VIII ’VII —=ypwOH QO =Q ξ Q˝O=kt ’Ov=xOW Qy=˙ 4ˇ2 QO xm VI w V ’IV —=ypwOH ltm x@ ”s˝ Qw;—t CUOx@ VII w I —=ypwOH ltm x@ =Q ξ R= Q˝ R -x˝ RHD x=ov; ’q^4≡ 1 Qo =

ξ = 1_G + 2ψ + 2 ∑ i^4≡0

χ_i + ∑ OQi i

χ_i + ∑ j θ_j + ξ_1 + ξ_2 : q^8≡ 1 Qo =

1_G + 2ψ + 2 ∑ i^4≡0

χ_i + ∑ OQi i

χ_i + ∑ j θ_j : CQwYu˝= Q˝e QO

x= o v; χ ∈ I(G) − {χ_i, ξ_1, ξ_2 | i = 2, 4, . . . , (q − 5)/2; i^4≡ 2} Q o = u ˝=Q @= v @ w (ξ_1 ↓_{Gα} , 1_{Gα} )_{Gα} ≠ 0 x= o v; q^8≡ 1 Q o = xwq ax @ ’V^{q+1}_χ (G) ≠ o =P r w (χ ↓_{Gα} , 1_{Gα} )_{Gα} ≠ 0 ”V^{q+1}_{ξ2} (G) ≠ o w V^{q+1}_{ξ1} (G) ≠ o =Pr w (ξ_2 ↓_{Gα} , 1_{Gα} )_{Gα} ≠ 0 ”s˝ Qw;—t CUOx@ =Q ξ R= Q˝ R -x˝ RHD q^4≡ 3 —Dkw VIII w II —=ypwOH ltm x@ u˝vJty

ξ = 1_G + ψ + ∑ i χ_i + 2 ∑ j^4≡2

θ_j + ∑ OQi j

θ_j + η_1 + η_2 : q^8≡ 3 Qo =

1_G + ψ + ∑ i χ_i + 2 ∑ j^4≡2

θ_j + ∑ OQi j

θ_j : CQwYu˝= Q˝e QO

x= o v; ’ χ ∈ I(G) − {θ_j , η_1, η_2 | j = 2, 4, . . . , (q − 3)/2; j^4≡ 0} Q o = u ˝=Q @= v @ w (η_1 ↓_{Gα} , 1_{Gα} )_{Gα} ≠ 0 x= o v; q^8≡ 3 Q o = xwq ax @ ’V^{q+1}_χ (G) ≠ o =P r w (χ ↓_{Gα} , 1_{Gα} )_{Gα} ≠ 0 ”V^{q+1}_{η2} (G) ≠ o wV^{q+1}_{η1} (G) ≠ o =Pr w (η_2 ↓_{Gα} , 1_{Gα} )_{Gα} ≠ 0 s˝ Qw;—t CUOx@ IX w III —=ypwOH ltm x@ ’OW=@ GwR q Qo = xQNq=@ w

ξ = 1_G + ψ + ∑ i χ_i. 2 ”V^{q+1}_χ (G) ≠ o xH˝Dv QO w (χ ↓G_α , 1G_α )G_α ≠ 0 x=ov; χ ∈ I(G) − {θj | 1 ≤ j ≤ q/2} Qo = =Pr w

—=[i l˝ V s˝vm—t ZQi w s˝ Q˝o—t Q˙v QO $_{q+1} R= —ywQoQ˝ R u=wvax@ =Q G = P SL_2(q) xwQo 2”4”3 -x˝[k ”V^{q+1}_χ (G) ≠ o ’χ ∈ I(G) ’χ Qy —=Q@ CQwY u˝= QO ”dim V = s ≥ 3 xm —Qw] OW=@ C —wQ —Q=OQ@

=Q G pta w α = (1, 2, 3, 3, . . . , 3) ∈ Γ^{q+1}_3 s˝yO—t Q=Qk ”dim V = s = 3 s˝vm—t ZQi =OD@= ”u=yQ@ —r=kDv= pta u˝= Kw[wx@ ”s˝ Q˝o—t Q˙v QO ’Ω^{(2)} ’CU= x]kv q + 1 pt=W xm Ω —Q˝wYD “N R= ?DQt —=yGwR —wQ -x˝[k Q@=v@ ”Gα = G(Ω̂) Kw[wx@ ”s˝ Q˝o—t Q˙v QO Ω̂ —=x]kv R=UQ=O˝=B =Q |Ω̂| = 2 ’Ω̂ ⊆ Ω ’G(Ω̂) ”CU= CWQU 1_{Gα} ↑^G= 1_{G(Ω̂)} ↑^G= ξ^′ um˝rw ” (χ ↓_{Gα} , 1_{Gα} )_{Gα} = (χ, 1_{Gα} ↑^G)_G s˝ Qw;—t CUOx@ 35”1”0 u˝=Q@=v@ ”CU= Ω^{(2)} —wQ G pta R= pY=L —DWo˝=H

(χ ↓_{Gα} , 1_{Gα} )_{Gα} = (χ, ξ^′)_G

s˝ Qw;—t CUOx@ p@k x˝[k u=yQ@ Ovv=t w OvDUy Q=O˝=B g CLD xm CU= Ω ?DQt —=yGwR O=OaD ξ^′(g) u; QO xm

ξ^′(g) = 2 ( θ(g) 2 ) = θ(g)^2 − θ(g).

xH˝Dv G = P SL_2(q) Q˝PB=vp˝wLD —=yDWQU pwOH ”s˝=xOQm x@U=Lt IX w VIII ’VII —=ypwOH QO =Q ξ^′ Q˝O=kt xm OyO—t

ξ^′ = 1_G + 3ψ + 2 ∑ i χ_i + 2 ∑ j θ_j + ξ_1 + ξ_2,

q^4≡ 3 Cr=L QO ”V^{q+1}_χ (G) ≠ o xH˝Dv QO ’(χ ↓_{Gα} , 1_{Gα} )_{Gα} ≠ 0 ’χ ∈ I(G) Qy —=Q@ =Pr w q^4≡ 1 xm —Dkw

s˝ Qw;—t CUOx@ R˝v

ξ^′ = 1_G + 3ψ + 2 ∑ i χ_i + 2 ∑ j θ_j + η_1 + η_2,

R= Q˝ R -x˝ RHD R˝v GwR q Cr=L QO ”V^{q+1}_χ (G) ≠ o xH˝Dv QO w (χ ↓_{Gα} , 1_{Gα} )_{Gα} ≠ 0 x=ov; χ ∈ I(G) Qo = =Pr w s˝ Qw;—t CUOx@ =Q ξ^′

ξ^′ = 1_G + 2ψ + ∑ i χ_i + ∑ j θ_j , Qo = s˝=xOQm C@=F TB ”V^{q+1}_χ (G) ≠ o xH˝Dv QO w (χ ↓_{Gα} , 1_{Gα} )_{Gα} ≠ 0 ’χ ∈ I(G) Qy —=Q@ =Pr w ”V^{q+1}_χ (G) ≠ o ’χ ∈ I(G) Qy —=Q@ x=ov; dim V = s = 3 =Pr w OQ=O—t xov C@=F =Q x]kv 2 QFm =OL ’—v=ty RHx@ ’G w[a Qy VI w V ’IV —=ypwOH Q@=v@ —iQ] R= —Dkw χ ∈ I(G) Qy —=Q@ xm OyO—t CUOx@ 1”3”3 -x˝[k ’xH˝Dv QO ”|fix(g)| ≤ 2 ’g ∈ G − {1} Qy —=Q@

2 ”V^{q+1}_χ (G) ≠ o ’dim V = s ≥ 4

63 swU pYi

q^4≡ 1 ’q = p^n ’OQi q ’G = P SL2(q) ”VII pwOH g {−I, I}1 {−I, I}c {−I, I}d {−I, I}a^l {−I, I}a^{(q−1)/4} {−I, I}b^m |CG(g)|^1_2 q(q^2 − 1) q q^1_2 (q − 1) q − 1^1_2 (q + 1) θ(g) q + 1 1 1 2 2 0 ξ(g)^1_2 q(q + 1) 0 0 1^1_2 (q + 1) 0 ξ^′(g) q(q + 1) 0 0 2 2 0

l = 1, 2, . . . , (q − 5)/4 m = 1, 2, . . . , (q − 1)/4

q^4≡ 3 ’q = p^n ’OQi q ’G = P SL2(q) ”VIII pwOH g {−I, I}1 {−I, I}c {−I, I}d {−I, I}a^l {−I, I}b^m {−I, I}b^{(q+1)/4} |CG(g)|^1_2 q(q^2 − 1) q q^1_2 (q − 1)^1_2 (q + 1) q + 1 θ(g) q + 1 1 1 2 0 0 ξ(g)^1_2 q(q + 1) 0 0 1 0^1_2 (q + 1) ξ^′(g) q(q + 1) 0 0 2 0 0

l = 1, 2, . . . , (q − 3)/4 m = 1, 2, . . . , (q − 3)/4

q = 2^n ’GwR q ’G = P SL2(q) ”IX pwOH g {I}1 {I}c {I}a^l {I}b^m |CG(g)| q(q^2 − 1) q q − 1 q + 1 θ(g) q + 1 1 2 0 ξ(g)^1_2 q(q + 1)^1_2 q 1 0 ξ^′(g) q(q + 1) 0 2 0

1 ≤ l ≤ (q − 2)/2 1 ≤ m ≤ q/2

sQ=yJ pYi

—QwUv=D uQ=kD Tqm QO Ot=aDt —=yx˝=B

OvDUy RyHt —rN=O ?Q[ l˝ x@ xm =Q —QwUv=D uQ=kD —=yTqm 1 VN@ QO ”OW=@—t VN@ xU pt=W pYi u˝= —i=m w sRq “QW 3 VN@ QO w CN=U s˝y=wN =yTqm u˝= —=Q@ —Y=N Ot=aDt —=yx˝=B 2 VN@ QO ”s˝vm—t —UQQ@ QO pYi u˝= ?r=]t ”OQm s˝y=wN =O˝B —QwO wO xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm —=Q@ =Q —˝=yx˝=B u˝vJ OwHw —=Q@ ”Ov=xOW Qy=˙ [7] w [5] R= —DtUk

—rN=O ?Q[ w —QwUv=D uQ=kD Tqm 1ˇ4

—=[i =Q V u˝vJty ”G R= Q˝PB=vp˝wLD —DWQU χ w CU= $_n R= —ywQoQ˝ R G xm s˝vm—t ZQi VN@ u˝= QU=QU QO ”Ov=xOW Qy=˙ [17] QO VN@ u˝= ?r=]t ”s˝ Q˝o—t Q˙v QO —Oa@ m —v=m˝ l˝^n⊗V —wQ —rN=O ?Q[ u˝= ”CU= RyHt —rN=O ?Q[ l˝ x@ =Pr w CU= —Oa@ m —v=m˝ —=[i l˝ V CQwYx@ —rN=O ?Q[ ⟨u_1 ⊗ · · · ⊗ u_n|v_1 ⊗ · · · ⊗ v_n⟩ = n∏ i=1 ⟨u_i|v_i⟩

’V^n_χ (G) x@^n⊗V —wQ xOW ¡=kr= —rN=O ?Q[ O˝OLD =Pr ’CU=^n⊗V R= —˝=[iQ˝ R V^n_χ (G) xm —˝=Hv; R= ”Ovm—t ¡=kr= ”Ovm—t p˝O@D —v=m˝ —=[i l˝ x@ =Q χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm

”CU= j=Lr=OwN —]N Qorta l˝ T (G, χ) 1”1”4 -x˝[k σ ∈ G Qy w V R= v_n’. . . ’v_1 w u_n’. . . ’u_1 Qy —=Q@ xm s˝vm—t xHwD ”u=yQ@ ⟨P (σ)(u_1 ⊗ · · · ⊗ u_n) | v_1 ⊗ · · · ⊗ v_n⟩ = ⟨u_σ−1_{(1)} ⊗ · · · ⊗ u_σ−1_{(n)} | v_1 ⊗ · · · ⊗ v_n⟩ = n∏ i=1 ⟨u_σ−1_{(i)} | v_i⟩ = n∏ i=1 ⟨u_i | v_{σ(i)}⟩ = ⟨u_1 ⊗ · · · ⊗ u_n | v_{σ(1)} ⊗ · · · ⊗ v_{σ(n)}⟩ = ⟨u_1 ⊗ · · · ⊗ u_n | P (σ^{−1})(v_1 ⊗ · · · ⊗ v_n)⟩, xH˝Dv QO ”P (σ)^∗ = P (σ^{−1}) =Pr w T (G, χ)^∗ = χ(1) |G| ∑ σ∈G χ(σ)P (σ)^∗ = χ(1) |G| ∑ σ∈G χ(σ)P (σ^{−1}) = χ(1) |G| ∑ σ∈G χ(σ^{−1})P (σ^{−1}) 24”1”0 -x˝[k Q@=v@ = χ(1) |G| ∑ σ∈G χ(σ)P (σ) = T (G, χ). 2 ”CU= j=Lr=OwN —Qorta T (G, χ) Qorta —va˝

”CU= Ot=aDt —awtHt^n⊗V = ⊕_{χ∈I(G)}V^n_χ (G) s˝kDUt ‘wtHt 2”1”4 -x˝[k

w u_1 ∗ . . . ∗ u_n ∈ V^n_χ (G) Q y —=Q @ ”O v W= @ x=w N rO ’χ ≠ ξ ’χ, ξ ∈ I(G) s ˝ v m ZQ i ”u= yQ @ %s˝ Q=O v_1 ∗ . . . ∗ v_n ∈ V^n_ξ (G) ⟨u_1 ∗ . . . ∗ u_n | v_1 ∗ . . . ∗ v_n⟩ = ⟨T (G, χ)(u_1 ⊗ · · · ⊗ u_n) | T (G, ξ)(v_1 ⊗ · · · ⊗ v_n)⟩ = ⟨T (G, ξ)^∗T (G, χ)(u_1 ⊗ · · · ⊗ u_n) | v_1 ⊗ · · · ⊗ v_n⟩ = ⟨T (G, ξ)T (G, χ)(u_1 ⊗ · · · ⊗ u_n) | v_1 ⊗ · · · ⊗ v_n⟩ 1”1”4 -x˝[k Q@=v@ = ⟨o | v_1 ⊗ · · · ⊗ v_n⟩ 11”1”1 -x˝[k Q@=v@ = 0.

2 ”OyO—t xH˝Dv =Q smL =Pr w V^n_χ (G)⊥V^n_ξ (G) OyO—t u=Wv u˝=

V R= v_n’. . . ’v_1 w u_n’. . .’u_1 Qy —=Q@ 3”1”4 sr ⟨u_1 ∗ . . . ∗ u_n | v_1 ∗ . . . ∗ v_n⟩ = χ(1) |G| d^G_χ (A) ” d^G_χ (A) = ∑ σ∈G χ(σ)a_{1σ(1)} . . . a_{nσ(n)} w A = [a_{ij}]_{n×n} = [⟨u_i|v_j ⟩]_{n×n} u; QO xm

”u=yQ@ ⟨u_1 ∗ . . . ∗ u_n | v_1 ∗ . . . ∗ v_n⟩ = ⟨T (G, χ)(u_1 ⊗ · · · ⊗ u_n) | T (G, χ)(v_1 ⊗ · · · ⊗ v_n)⟩ = ⟨T (G, χ)^∗T (G, χ)(u_1 ⊗ · · · ⊗ u_n) | v_1 ⊗ · · · ⊗ v_n⟩ = ⟨T (G, χ)(u_1 ⊗ · · · ⊗ u_n) | v_1 ⊗ · · · ⊗ v_n⟩ 1”1”4 w 10”1”1 —=˝=[k Q@=v@ = ⟨^{χ(1)}_{|G|} ∑ σ∈G χ(σ)P (σ)(u_1 ⊗ · · · ⊗ u_n) | v_1 ⊗ · · · ⊗ v_n⟩ = ⟨^{χ(1)}_{|G|} ∑ σ∈G χ(σ)u_σ−1_{(1)} ⊗ · · · ⊗ u_σ−1_{(n)} | v_1 ⊗ · · · ⊗ v_n⟩ =^{χ(1)}_{|G|} ∑ σ∈G χ(σ)^n ∏ i=1 ⟨u_σ−1_{(i)} | v_i⟩ =^{χ(1)}_{|G|} ∑ σ∈G χ(σ)^n ∏ i=1 ⟨u_i | v_{σ(i)}⟩ =^{χ(1)}_{|G|} ∑ σ∈G χ(σ)^n ∏ i=1 a_{iσ(i)} =^{χ(1)}_{|G|} ∑ σ∈G χ(σ)a_{1σ(1)} · · ·a_{nσ(n)} =^{χ(1)}_{|G|} d^G_χ (A). 2

—rm CQwYx@ =Qv; Q˝ R QO xm CiQo Q˙v QO A u=v˝tQDO R= —t˝taD u=wD—t CU= xOW Qy=˙ q=@ sr QO xm =Q d^G_χ (A) ”s˝vm—t h˝ QaD

CQwY u˝= QO ”OW=@ C QO —=yx˝=QO =@ n × n T˝ QD=t l˝ A = [a_{ij}]_{n×n} s˝vm ZQi 4”1”4 h˝ QaD d^G_χ (A) = ∑ σ∈G χ(σ)a_{1σ(1)} . . . a_{nσ(n)} ”s˝t=v—t xDi=˝ s˝taD —U˝ QD=t ‘@=D =Q

per(A) =@ =Q d^{$n}_{1$n} (A) u˝vJty ”CU= $_n xwQo ?w=vDt CWQU ϵ u; QO xm d^{$n}_ϵ (A) = det(A) xm s˝vm—t xHwD ”Ovm—t —R=@ =Q —=xS˝w Vkv C=˝@˝mQD QO xm OvyO—t V˝=tv O(α) w Γ^n_m x˝[k u˝= QO ”OQ=O —tyt Vkv —Oa@ C=@U=Lt QO xm s˝vm—t KQ]t =Q —=x˝[k Q˝ R QO uwvm = ”Ov=xOW h˝ QaD 2”2”3 w 1”1”2 QO ?˝DQDx@ xm OvDUy —˝=yu=ty

CQwY u˝= QO ”α, β ∈ Γ^n_m w OW=@ V —=Q@ x:m˝ w Ot=aDt —=x˝=B {e_1, . . . , e_m} s˝vm ZQi 5”1”4 -x˝[k

⟨e^∗_α | e^∗_β ⟩ = χ(1) |G| ∑ σ∈G_β χ(στ^{−1}) : α = τ.β ’τ ∈ G l˝ —=Q@ Qo = 0 : O(α) ≠ O(β) Qo =

”u=yQ@

⟨e^∗_α|e^∗_β⟩ = ⟨T (G, χ)(e^⊗_α )|T (G, χ)(e^⊗_β )⟩ = ⟨T (G, χ)^∗T (G, χ)(e^⊗_α )|e^⊗_β ⟩ = ⟨T (G, χ)(e^⊗_α )|e^⊗_β ⟩ 1”1”4 w 10”1”1 —=˝=[k Q@=v@ = ⟨^{χ(1)}_{|G|} ∑ σ∈G χ(σ)P (σ)(e_{α1} ⊗ · · · ⊗ e_{αn} )|e_{β1} ⊗ · · · ⊗ e_{βn} ⟩ = ⟨^{χ(1)}_{|G|} ∑ σ∈G χ(σ)e_{ασ−1(1)} ⊗ · · · ⊗ e_{ασ−1(n)} |e_{β1} ⊗ · · · ⊗ e_{βn} ⟩ =^{χ(1)}_{|G|} ∑ σ∈G χ(σ)^n ∏ i=1 ⟨e_{ασ−1(i)} |e_{βi} ⟩. xm CU= OwHwt 1 ≤ i ≤ n ’σ ∈ G Qy —=Q@ TB ”σ.α ≠ β ’σ ∈ G Qy —=Q@ =Pr ”O(α) ≠ O(β) s˝ Q˝o s=tD xH˝Dv QO ”⟨e_{ασ−1(i)} |e_{βi} ⟩ = 0 TB CU= xOW ZQi x:m˝ w Ot=aDt -x˝=B {e_1, . . . , e_m} uwJ w α_σ−1_{(i)} ≠ β_i ”⟨e^∗_α|e^∗_β ⟩ = 0 —va˝ ’CU= QiY q=@ ‘wtHt CqtH ’1 ≤ i ≤ n Qy —=Q@ xm OvDUy QiYQ˝e q=@ ‘wtHt R= —DqtH x=ov; ’α = τ.β xm OW=@ OwHwt τ ∈ G Qo = —=R=x@ Cr=L u˝= QO —va˝ ”στ ∈ G_β =Pr w στ.β = β =˝ σ.(τ.β) = β xH˝Dv QO σ.α = β =˝ α_σ−1_{(i)} = β_i xHwD =@ Cr=L u˝= QO =:t= ”OW=@ στ ∈ G_β C˝Y=N —=Q=O σ u; xm s˝DUy wQ@wQ QiY Q˝e —awtHt =@ —˝=yσ ∈ G xH˝Dv QO ”⟨e_{ασ−1(i)} |e_{βi} ⟩ = 1 CW=O s˝y=wN 1 ≤ i ≤ n Qy —=Q@ ’{e_1, . . . , e_m} uOw@ x:m˝ w Ot=aDt x@ ⟨e^∗_α|e^∗_β⟩ =^{χ(1)}_{|G|} ∑ στ∈G_β χ(σ) =^{χ(1)}_{|G|} ∑ στ∈G_β χ(σττ^{−1}) =^{χ(1)}_{|G|} ∑ σ∈G_β χ(στ^{−1}) 2 ”OwW—t C@=F smL =Pr w

”Ow@ Ovy=wN R=UQ=m —Oa@ C=@U=Lt QO R˝v Q˝ R -xH˝Dv wO

CQwY u˝= QO ”g, g^′ ∈ G w γ ∈ Γ^n_m ’OW=@ V —=Q@ x:m˝ w Ot=aDt -x˝=B {e_1, . . . , e_m} s˝vm ZQi 6”1”4 -xH˝Dv ⟨e^∗_{g.γ} | e^∗_g′_{.γ} ⟩ = χ(1) |G| ∑ σ∈G_γ χ(g^′σg^{−1}).

”g^{−1}.α = g^{′−1}.β =Pr w g^{′−1}.β = γ w g^{−1}.α = γ CQwY u˝= QO β = g^′.γ w α = g.γ s˝yO—t Q=Qk ”u=yQ@ %s˝ Q=O 5”1”4 -x˝[k Q@=v@ τ = gg^{′−1} s˝ Q˝o@ Qo = p=L ”α = gg^{′−1}.β xH˝Dv QO ⟨e^∗_{g.γ} |e^∗_g′_{.γ} ⟩ = ⟨e^∗_α|e^∗_β⟩ =^{χ(1)}_{|G|} ∑ σ∈G_β χ(στ^{−1}) =^{χ(1)}_{|G|} ∑ σ∈G_g′_{.γ} χ(σg^′g^{−1}) =^{χ(1)}_{|G|} ∑ σ∈g^′ G_γ g^{′ −1} χ(σg^′g^{−1}) =^{χ(1)}_{|G|} ∑ g^{′ −1}σg^′ ∈G_γ χ(g^′g^{′−1}σg^′g^{−1}) =^{χ(1)}_{|G|} ∑ σ∈G_γ χ(g^′σg^{−1}). 2

CQwY u˝= QO ”g, g^′ ∈ G w γ ∈ Γ^n_m ’OW=@ V —=Q@ x:m˝ w Ot=aDt -x˝=B {e_1, . . . , e_m} s˝vm ZQi 7”1”4 -xH˝Dv ⟨e^∗_{g.γ} | e^∗_g′_{.γ} ⟩ = χ(1) |G| ∑ σ∈g^′ G_γ g^{−1} χ(σ).

%s˝ Q=O 6”1”4 -xH˝Dv Q@=v@ ”u=yQ@ ⟨e^∗_{g.γ} |e^∗_g′_{.γ} ⟩ =^{χ(1)}_{|G|} ∑ σ∈G_γ χ(g^′σg^{−1}) =^{χ(1)}_{|G|} ∑ g^′σg^{−1} ∈g^′ G_γ g^{−1} χ(g^′σg^{−1}) =^{χ(1)}_{|G|} ∑ σ∈g^′ G_γ g^{−1} χ(σ). 2 xDU@=w —QwUv=D uQ=kD Tqm xm Ovm—t ?=H˝= Ω uOw@ —yD=v xm OyO—t u=Wv s˝vm—t KQ]t Q˝ R QO xm —=xH˝Dv 10”2”3 QO xm CU= u=ty Ω =Hv˝= QO ”13”2”3 QmPD CLY Q@ CU= —Qo˝O p˝rO u˝= w OOQo —y˝O@ Q˝e χ w G x@ ”CU= xOW h˝ QaD

e^∗_α ≠ o ’α ∈ Γ^n_m —=Q@ CQwY u˝= QO ”OW=@ V —=Q@ x:m˝ w Ot=aDt -x˝=B {e_1, . . . , e_m} s˝vm ZQi 8”1”4 -xH˝Dv ”α ∈ Ω Qo = “ki w Qo =

”u=yQ@ e^∗_α ≠ o ⇔ ‖e^∗_α‖^2 ≠ 0 ⇔ ⟨e^∗_α|e^∗_α⟩ ≠ 0 ⇔^{χ(1)}_{|G|} ∑ σ∈G_α χ(σ) ≠ 0 5”1”4 -x˝[k Q@=v@ ⇔ ∑ σ∈G_α χ(σ) ≠ 0 ⇔ α ∈ Ω. 2

5”2”3 QO xm CU= u=ty V^∗_α =Hv˝= QO ”Ow@ Oy=wN R=UQ=m ’Q=m -xt=O= QO xm s˝vm—t KQ]t =Q syt —=xH˝Dv Q˝ R QO ”CU= xOW h˝ QaD

s˝kDUt ‘wtHt CQwY u˝= QO ”OW=@ V —=Q@ x:m˝ w Ot=aDt —=x˝=B {e_1, . . . , e_m} s˝vm ZQi 9”1”4 -xH˝Dv

V^n_χ (G) = ⊕_{α∈Δ}V^∗_α ”CU= Ot=aDt —awtHt

=Pr ’α ≠ β xmv˝= x@ xHwD =@ =:t= ”V^∗_α ⊥V^∗_β s˝yO u=Wv O˝=@ ”OvW=@ x=wNrO ’α ≠ β ’α, β ∈ Δ s˝ Q˝o ”u=yQ@ xH˝Dv 5”1”4 -x˝[k uwvm = ”OvDUy x=wNrO σ, τ ∈ G u; QO xm O(σ.α) ≠ O(τ.β) xH˝Dv QO w O(α) ≠ O(β)

2 ”OyO—t xH˝Dv =Q smL xm V^∗_α ⊥V^∗_β OyO—t u=Wv u˝= w ⟨e^∗_{σ.α}|e^∗_{τ.β}⟩ = 0 xm OyO—t

—QwUv=D uQ=kD Tqm QO Ot=aDt —=yx˝=B 2ˇ4 xmv˝= ”s˝vm—t h˝ QaD V^n_χ (G) —QwUv=D uQ=kD Tqm —=Q@ =Q x˝=BˇO x@ hwQat —Y=N Ot=aDt —=yx˝=B VN@ u˝= QO Cq=kt QO ”CU= xOWv pL —=xr-=Ut CU˝v x˝=BˇO —=Q=O =˝ w CU= x˝=BˇO —=Q=O V^n_χ (G) ’—˝=yχ w =yG xJ —=R=x@ Qy=˙ [17] QO R˝v ‘w[wt u˝= OQwt QO —]wU@t EL@ ”CU= xOW EL@ x˝=BˇO OQwt QO [24] w [23] ’[15] ’[7] ’[5] =Q V u˝vJty ’G R= Q˝PB=vp˝wLD —DWQU χ w CU= $_n R= —ywQoQ˝ R G s˝vm—t ZQi R˝v VN@ u˝= QO ”CU= xOW ”s˝ Q˝o—t Q˙v QO —Oa@ m —v=m˝ —=[i l˝

Qo = ”V^n_χ (G) R= —˝=[iQ˝ R W w OW=@ V —=Q@ x:m˝ w Ot=aDt -x˝=B {e_1, . . . , e_m} s˝vm ZQi 1”2”4 h˝ QaD —=Q=O W s˝˝wo—t x=ov; ’OOQo p˝O@D W —=Q@ Ot=aDt —=x˝=B x@ O = {e^∗_α|α ∈ S} xm —Qw] OW=@ OwHwt S ⊆ Γ^n_m

”CU= x˝=BˇO

’α ∈ Δ Qy —=Q@ Qo = “ki w Qo = CU= x˝=BˇO —=Q=O V^n_χ (G) ’9”1”4 -xH˝Dv Q@=v@ xm s˝vm—t xHwD 2”2”4 QmPD ”OW=@ x˝=BˇO —=Q=O V^∗_α —Q=Ot —=[iQ˝ R

”CU= x˝=BˇO —=Q=O V^n_χ (G) x=ov; OW=@ G R= —]N Q˝PB=vp˝wLD CWQU l˝ χ Qo = 3”2”4 sr

Qy —=Q@ =Pr w dim V^∗_α = 1 s˝ Qw;—t CUOx@ α ∈ Δ Qy —=Q@ 12”2”3 -xH˝Dv Q@=v@ =Pr ’χ(1) = 1 uwJ ”u=yQ@

2 ”OyO—t u=Wv V^n_χ (G) —=Q@ =Q x˝=BˇO OwHw p@k QmPD Q@=v@ xm CU= x˝=BˇO —=Q=O V^∗_α ’α ∈ Δ

χ s˝vm ZQi s˝v=wD—t V^n_χ (G) —=Q@ x˝=BˇO OwHw sOa =˝ OwHw —UQQ@ QO xm s˝@=˝—t QO q=@ sr Q@=v@ 4”2”4 QmPD ”n ≥ 2 w dim V = m ≥ 2 s˝vm—t ZQi 1”1”3 QmPD Q@=v@ u˝vJty ”CU= —]NQ˝e

x˝=BˇO OwHw —=Q@ sRq “QW l˝ w s˝ Q˝o—t Q˙v QO OW=@—t $_n R= —ywQoQ˝ R —r˝m V˝=tv =@ xm =Q G xwQo uwvm = ”CU= xOW Qy=˙ [7] R= —WN@ QO sRq “QW u˝= ”s˝vm—t =O˝B u; x@ xDU@=w —QwUv=D uQ=kD Tqm —=Q@

V Qo = ”CU= $_n R= —ywQoQ˝ R —r˝m V˝=tv =@ xm OW=@ n -x@DQt R= —y˝O@ Q˝e xwQo l˝ G s˝vm ZQi 5”2”4 -x˝[k x˝=BˇO —=Q=O V^n_χ (G) x=ov; ’χ(1)^2 > |G|/2 xm OW=@ —Qw] χ ∈ I(G) w OW=@ ’m ≥ 2 ’m Oa@ R= —v=m˝ —=[i ”OW=@—tv

u˝= QO ’OW=@ x˝=BˇO —=Q=O V^n_χ (G) s˝ Q˝o ”OW=@ V —=Q@ x:m˝ w Ot=aDt -x˝=B {e_1, . . . , e_m} s˝vm ZQi ”u=yQ@ =@ w α = (1, 2, . . . , 2) ∈ Γ^n_m s˝yO—t Q=Qk ”CU= x˝=BˇO —=Q=O V^∗_α ’α ∈ Δ Qy —=Q@ 2”2”4 QmPD Q@=v@ CQwY xJv; Q@=v@ ”α ∈ Δ s˝vm ZQi s˝v=wD—t =Pr w^∑_{g∈Gα} χ(g) = χ(1) ≠ 0 s˝ Q˝o—t xH˝Dv ’G_α = {1} xmv˝= x@ xHwD ’9”2”3 -x˝[k Q@ =v@ uwJ ”CU= x˝=BˇO —=Q=O α = (1, 2, . . . , 2) —=Q@ V^∗_α s˝OQm xQ=W= q=@ QO

dim V^∗_α = χ(1) |G_α| ∑ g∈G_α χ(g) = χ(1)^2 = s

=Q A = [a_{ij}]_{n×n} T˝ QD=t uwvm = ”CU= V^∗_α —=Q@ x˝=BˇO u=ty {e^∗_{g1.α}, e^∗_{g2.α}, . . . , e^∗_{gs.α}} s˝vm ZQi s˝v=wD—t =Pr CQwYx@ a_{ij} = χ(1) n χ(g_ig^{−1}_j )

s˝ Qw;—t CUOx@ 1 ≤ i, j ≤ s —=Q@ ”G = {g_1, . . . , g_n} u; QO xm s˝vm—t h˝ QaD

a_{ij} =^{χ(1)}_n χ(g_ig^{−1}_j ) =^{χ(1)}_{|G|} ∑ σ∈G_α χ(g_iσg^{−1}_j ) = ⟨e^∗_{gj .α} | e^∗_{gi.α}⟩ 6”1”4 -xH˝Dv Q@=v@ = 0 : i ≠ j Qo =

χ(1)

n χ(1) : i = j Qo =

= 0 : i ≠ j Qo = s n : i = j Qo = %OW Oy=wN Q˝ R sQi —=Q=O A T˝ QD=t =Pr w A = s n I_s A_1 A_2 A_3

T˝ QD=t I_s w OvDUy (n − s) × (n − s) w (n − s) × s ’s × (n − s) —=yT˝ QD=t ?˝DQDx@ A_3 w A_2 ’A_1 u; QO xm s˝ Qw;—t CUOx@ 28”1”0 -x˝[k Q@=v@ CQwY u˝= QO A^2 = [b_{ij}] s˝vm ZQi Qo = ”OyO—t V˝=tv =Q s × s —v=ty

b_{ij} =^n ∑ k=1 a_{ik}a_{kj} = χ(1)^2 n^2 n∑ k=1 χ(g_ig^{−1}_k )χ(g_kg^{−1}_j ) = χ(1)^2 n^2 ∑ g∈G χ(g)χ(g^{−1}g_ig^{−1}_j ) = χ(1)^2 n^2 n χ(1) χ(g_ig^{−1}_j ) = χ(1) n χ(g_ig^{−1}_j ) = a_{ij}, =Hv; R= ”A_1A_2 = (^s_n −^{s2}_{n2} )I_s s˝ Qw;—t CUOx@ s˝vm p=ta= A —mwr@ pmW Q@ =Q “QW u˝= Qo = ”A^2 = A =Pr w Zk=vD xm χ(1)^2 ≤ |G|/2 =˝ s ≤^n_2 =˝ s ≤ n − s s˝ Qw;—t CUOx@ =Pr w CU= Q˝PBvwQ=w A_1A_2 =Pr ’s ≠ n xm

2 ”OW=@ x˝=BˇO —=Q=O Ov=wD—tv V^n_χ (G) TB ”CU=

“QW u˝= xm CU= xOW C@=F [20] QO u˝vJty ’CU= xOW xO=O s˝taD p@k -x˝[k sRq “QW [21] QO 6”2”4 QmPD ”CU= xv˝y@ sRq

—QwO wO xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm QO Ot=aDt —=yx˝=B 3ˇ4

=O˝B —QwO wO xwQo x@ xDU@=w —QwUv=D uQ=kD Tqm —=Q@ =Q x˝=BˇO OwHw —=Q@ —i=m w sRq “QW s˝y=wN—t VN@ u˝= QO w Ot=aDt -x˝=B l˝ =Q {e_1, . . . , e_m} w s˝ Q˝o—t Q˙v QO —Oa@ m —v=m˝ —=[i l˝ =Q V VN@ u˝= QU=QU QO ”s˝vm ”Ov=xO=O p˝mWD =Q [5] —rY= CtUk ?r=]t u˝= ”V R= x:m˝ xwQo u˝= xm s˝vm—t —Qw;O=˝ ”s˝OQm —iQat =Qv; 3ˇ2 QO xm OW=@ 4n -x@DQt R= —QwO wO xwQo G = T_{4n} s˝vm ZQi ”OQ=O —vat χ ∈ I(G) Qy —=Q@ V^{4n}_χ (G) —QwUv=D uQ=kD Tqm =Pr w OW=@—t $_{4n} R= —ywQo Q˝ R —r˝m V˝=tv “UwD —Dkw ’1 ≤ i ≤ 4 ’ϕ_i w CU= OQi n —Dkw ’1 ≤ i ≤ 4 ’ψ_i —]N Q˝PB=vp˝wLD CWQU Q=yJ —=Q=O xwQo u˝= u˝vJty %s˝yO—t u=Wv ’1 ≤ h ≤ n − 1 ’χ_h =@ =Q =yv; xm OQ=O —]NQ˝e CWQU n − 1 w OW=@—t CU= GwR n

χ_h(r^k) = 2 cos khπ n , χ_h(r^ks) = 0, 0 ≤ k < 2n. u˝= QO G uOw@ —r@; =Pr w ’T_4 ≃ Z_4 ’OwW—t p˝O@D —w[a 4 —QwO xwQo x@ G = T_4 —QwO wO xwQo x=ov; ’n = 1 Qo =

χ ∈ I(G) Qy —=Q@ V^4_χ (G) ’3”2”4 sr Q@=v@ =Pr w OvDUy —]N G Q˝PB=vp˝wLD —=yDWQU s=tD xm OyO—t u=Wv Cr=L

R˝v ’1 ≤ i ≤ 4 ’ϕ_i w ψ_i uwJ —iQ] R= ”n ≥ 2 xm s˝vm ZQi s˝v=wD—t xH˝Dv QO ”Ow@ Oy=wN x˝=BˇO —=Q=O s˝vm ZQi s˝v=wD—t R˝v 1”1”3 QmPD Q@=v@ —iQ] R= ”OvDUy x˝=BˇO —=Q=O R˝v V^{4n}_{ϕi} (G) w V^{4n}_{ψi} (G) TB OvDUy —]N ”dim V = m ≥ 2 =Q x˝=BˇO OwHw —=Q@ —i=m w sRq “QW s˝y=wN—t w m ≥ 2 w n ≥ 2 s˝vm—t ZQi xQ=wty xt=O= QO ’xH˝Dv QO ”s˝vm =O˝B ’1 ≤ h ≤ n − 1 ’V^{4n}_{χh} (G) —=Q@

OQ=O OwHw ’0 ≤ k < 2n ’k —a˝@] OOa CQwY u˝= QO ”OW=@ G = T_{4n} R= —ywQoQ˝ R H s˝vm ZQi 1”3”4 sr ”|H| ≥ 2|⟨r^k⟩| swO Cr=L QO XNq=@ ”H ∩ ⟨r⟩ = ⟨r^k⟩ w ⟨r^k⟩ � H =˝ H = ⟨r^k⟩ xm

Qo = ”0 ≤ l < 2n xm OvDUy r^ls =˝ w r^l pmW x@ G —=[a= xm s˝@=˝—t QO ’G = T_{4n} xwQo h˝ QaD Q@=v@ ”u=yQ@ OwHwt ’ 0 ≤ k < 2n ’k —a˝@] OOa =Pr w CU= ⟨r⟩ R= —QwO xwQo Q˝ R l˝ H ∩ ⟨r⟩ x=ov; OW=@ G R= —ywQoQ˝ R H ’⟨r^k⟩ = H ∩ ⟨r⟩ ≤ H uwJ Q˝N= Cr=L QO xm H ≠ ⟨r^k⟩ =˝ w H = ⟨r^k⟩ =˝ TB ”H ∩ ⟨r⟩ = ⟨r^k⟩ xm CU= |⟨r^k⟩| | |H| =yxwQo —D=tOkt -x˝ Q˙vR= Sv=Qo q -x˝[k Q@=v@ Cr=L u˝= QO u˝vJty ”H ∩ ⟨r⟩ = ⟨r^k⟩ w ⟨r^k⟩ � H =Pr

2 ”|H| ≥ 2|⟨r^k⟩| xm s˝ Q˝o—t xH˝Dv |⟨r^k⟩| � |H| R= =Pr w

swUkt u˝ QDoQR@ (2n, k) xm l =^{2n}_{(2n,k)} Qo = ”0 ≤ k < 2n w 1 ≤ h ≤ n − 1 ’n ≥ 2 s˝vm ZQi 2”3”4 sr x=ov; ’CU= k w 2n lQDWt x˝ra l∑ t=1 cos tkhπ n = l : kh^{2n}≡ 0 Qo = 0 : kh^{2n}≢ 0 Qo =

2 ”CU= CU=QQU —D=tOkt C=FrFt Q@=v@ C=@F= ”u=yQ@

—va˝ ’OW=@ G R= —ywQoQ˝ R H s˝ Q˝o ”1 ≤ h ≤ n − 1 ’χ = χ_h w n ≥ 2 ’G = T_{4n} s˝vm ZQi 3”3”4 sr

(2n, k) u; QO xm l =^{2n}_{(2n,k)} Qo = ”0 ≤ k < 2n ’k l˝ —=Q@ H ∩ ⟨r⟩ = ⟨r^k⟩ w ⟨r^k⟩ � H =˝ H = ⟨r^k⟩ x=ov; CU= k w 2n lQDWt x˝ra swUkt u˝ QDoQR@ ∑ g∈H χ(g) = 2l : kh^{2n}≡ 0 Qo = 0 : kh^{2n}≢ 0 Qo =

w {r^k, r^{2k}, . . . , r^{lk}} � H =˝ H = {r^k, r^{2k}, . . . , r^{lk}} =Pr w o(r^k) =^{2n}_{(2n,k)} = l s˝v=O—t ”u=yQ@ s˝ Q=O 2”3”4 sr Q@=v@ =Pr w CU= QiY ⟨r⟩ GQ=N χ —rw ”H ∩ ⟨r⟩ = {r^k, r^{2k}, . . . , r^{lk}} ∑ g∈H χ(g) = l∑ t=1 χ(r^{tk}) = 2 l∑ t=1 cos tkhπ n = 2l : kh^{2n}≡ 0 Qo = 0 : kh^{2n}≢ 0 Qo = 2

G_α = ⟨r^k⟩ x=ov; α ∈ Δ Qo = ”1 ≤ h ≤ n − 1 ’χ = χ_h w n ≥ 2 ’G = T_{4n} s˝vm ZQi 4”3”4 sr x=ov; ⟨r^k⟩ � G_α Qo = XNq=@ ”kh^{2n}≡ 0 ’0 ≤ k < 2n ’k l˝ —=Q@ G_α ∩ ⟨r⟩ = ⟨r^k⟩ w ⟨r^k⟩ � G_α =˝ ”|G_α| ≥ 2|⟨r^k⟩| —=Q@ G_α ∩ ⟨r⟩ = ⟨r^k⟩ w ⟨r^k⟩ � G_α =˝ G_α = ⟨r^k⟩ ’1”3”4 sr Q@=v@ =Pr w CU= G R= —ywQoQ˝ R G_α ”u=yQ@ x=ov; ’kh^{2n}≢ 0 Qo = 3”3”4 sr Q@=v@ =:t= ”|G_α| ≥ 2|⟨r^k⟩| x=ov; ⟨r^k⟩ � G_α Qo = XNq=@ ”0 ≤ k < 2n ’k l˝

2 ”kh^{2n}≡ 0 xm OyO—t u=Wv Zk=vD u˝= ”α ∉ Δ =Pr w^∑_{g∈Gα} χ(g) = 0

“ki VN@ u˝= -xt=O= QO h˝ QaD u˝= ”O˝O [19] QO =Qv; —=ys˝taD w X=wN u=wD—t xm s˝ Qw;—t =Q —i˝ QaD uwvm = ”Ovm—t —R=@ =Q ?U=vt —Q=PoO=tv l˝ Vkv

Q˙v QO 2 R= —v=wD u˝ QDoQR@ ?˝DQDx@ =Q b w a ”OvW=@ —a˝@] OOa wO n > 0 w h ≥ 0 s˝vm ZQi 5”3”4 h˝ QaD s˝vm—t h˝ QaD a − b =Q^h_n l˝O;ˇ2 —@=˝ RQ= CQwY u˝= QO ”OvwW—t Qy=˙ p:w= pt=wa x@ n w h -x˝ RHD QO xm s˝ Q˝o—t ”s˝yO—t V˝=tv ν_2(^h_n ) =@ =Qv; w

xm OvOwHwt ’0 ≤ t, t^′ < 2n ’t^′ w t CQwY u˝= QO ”1 ≤ h ≤ n − 1 w n ≥ 2 s˝vm ZQi 6”3”4 sr ”ν_2(^h_n ) < 0 Qo = “ki w Qo = cos^{(t−t′)hπ}_n = 0

2 ”CU= CU=Q QU —D=tOkt C=FrFt Q@=v@ C=@F= ”u=yQ@

’G_α = ⟨r^k⟩ xm OW=@ —Qw] α ∈ Δ Qo = ”1 ≤ h ≤ n−1 ’χ = χ_h w n ≥ 2 ’G = T_{4n} s˝vm ZQi 7”3”4 sr ”CU= x˝=BˇO —=Q=O V^∗_α —Q=Ot —=[iQ˝ R xm OyO—t xH˝Dv ν_2(^h_n ) < 0 x=ov; ’kh^{2n}≡ 0 ’0 ≤ k < 2n

sr w 9”2”3 -x˝[k Q@=v@ xH˝Dv QO ”G_α = {r^k, r^{2k}, . . . , r^{lk}} =Pr w o(r^k) =^{2n}_{(2n,k)} = l xm s˝v=O—t ”u=yQ@ 3”3”4

dim V^∗_α = χ(1) |G_α| ∑ g∈G_α χ(g) = 2 l (2l) = 4.

%s˝ Q=O g, g^′ ∈ G Qy —=Q@ uwvm =

g^′G_αg^{−1} = {r^{k+b−a}, r^{2k+b−a}, . . . , r^{lk+b−a}} : g^′ = r^b w g = r^a Qo = {r^{k+n+a+b}s, r^{2k+n+a+b}s, . . . , r^{lk+n+a+b}s} : g^′ = r^b w g = r^as Qo = {r^{−k+b−a}, r^{−2k+b−a}, . . . , r^{−lk+b−a}} : g^′ = r^bs w g = r^as Qo =

%s˝ Q=O 7”1”4 -xH˝Dv Q@=v@ ’g^′ = r^b w g = r^a —=Q@ ⟨e^∗_{g.α}|e^∗_g′_{.α}⟩ = χ(1) |G| ∑ σ∈g^′ G_αg^{−1} χ(σ) = 2 4n l∑ t=1 χ(r^{tk+b−a}) = 1 n l∑ t=1 cos (tk + b − a)hπ n = 1 n l∑ t=1 cos ( tkhπ n + (b − a)hπ n )

= 1 n l∑ t=1 cos (b − a)hπ n = l n cos (b − a)hπ n . ⟨e^∗_{g.α}|e^∗_g′_{.α}⟩ = 0 ?˝DQDx@ xm OyO—t u=Wv x@=Wt —=x@U=Lt x=ov; ’g^′ = r^bs w g = r^as =˝ g^′ = r^b w g = r^as Qo = =Pr ” ⟨e^∗_{g.α}|e^∗_g′_{.α}⟩ =^l_n cos^{(b−a)hπ}_n =˝

⟨e^∗_{g.α}|e^∗_g′_{.α}⟩ = l n cos^{(b−a)hπ}_n : g^′ = r^b w g = r^a Qo = 0 : g^′ = r^b w g = r^as Qo = l n cos^{(b−a)hπ}_n : g^′ = r^bs w g = r^as Qo =

cos^{(t−t′)hπ}_n = 0 xm OvOwHwt ’0 ≤ t, t^′ < 2n ’t^′ w t xm OyO—t xH˝Dv 6”3”4 sr Q@=v@ ν_2(^h_n ) < 0 xm s˝vm—t xHwD =:t= ’β, β^′ ∈ S Qy —=Q@ xm s˝ Q˝o—t xH˝Dv q=@ -x@U=Lt Q@=v@ S = {r^t.α, r^{t′} .α, r^ts.α, r^{t′} s.α} ⊂ Γ^{4n}_m s˝yO Q=Qk Qo = =Pr w

2 ”CU= V^∗_α —=Q@ x˝=BˇO l˝ {e^∗_β|β ∈ S} TB dim V^∗_α = 4 uwJ xH˝Dv QO ” ⟨e^∗_β|e^∗_β′ ⟩ = 0’β ≠ β^′

⟨r^k⟩ � G_α xm OW=@ —Qw] α ∈ Δ Qo = ”1 ≤ h ≤ n − 1 ’χ = χ_h w n ≥ 2 ’G = T_{4n} s˝vm ZQi 8”3”4 sr —=Q=O V^∗_α —Q=Ot —=[iQ˝ R xm OyO—t xH˝Dv ν_2(^h_n ) < 0 x=ov; ’kh^{2n}≡ 0 ’0 ≤ k < 2n ’G_α ∩ ⟨r⟩ = ⟨r^k⟩ w ”CU= x˝=BˇO

w {r^k, r^{2k}, . . . , r^{lk}} � G_α =P r w o(r^k) =^{2n}_{(2n,k)} = l x m s ˝ v=O— t ”u= yQ @ -x ˝ [ k Q @= v @ =P r w |Gα| ≥ 2l ’4”3”4 s r Q @= v @ x m s ˝ v m— t x Hw D ”Gα ∩ ⟨r⟩ = {r^k, r^{2k}, . . . , r^{lk}} 3”3”4 sr w 9”2”3 dim V^∗_α = χ(1) |G_α| ∑ g∈G_α χ(g) ≤ 2 2l (2l) = 2.

C@=F smL w Ow@ Oy=wN x˝=BˇO —=Q=O V^∗_α ’Kw[wx@ ’dim V^∗_α = 1 Qo = ”dim V^∗_α = 2 =˝ dim V^∗_α = 1 xH˝Dv QO s˝ Q=O g^′ = r^b w g = r^a —=Q@ Cr=L u˝= QO ”dim V^∗_α = 2 s˝vm—t ZQi TB ”CU= {r^{k+b−a}, r^{2k+b−a}, . . . , r^{lk+b−a}} � g^′G_αg^{−1} w g^′G_αg^{−1} ∩ ⟨r⟩ = {r^{k+b−a}, r^{2k+b−a}, . . . , r^{lk+b−a}}. OyO—t CUOx@ 7”1”4 -xH˝Dv =Pr ⟨e^∗_{g.α}|e^∗_g′_{.α}⟩ = χ(1) |G| ∑ σ∈g^′ G_αg^{−1} χ(σ) = 2 4n l∑ t=1 χ(r^{tk+b−a}) = 1 n l∑ t=1 cos (tk + b − a)hπ n = 1 n l∑ t=1 cos ( tkhπ n + (b − a)hπ n )

= 1 n l∑ t=1 cos (b − a)hπ n =^l_n cos^{(b−a)hπ}_n .

w cos^{(t−t′)hπ}_n = 0 xm OvOwHwt ’0 ≤ t, t^′ < 2n ’t^′ w t ’6”3”4 sr Q@=v@ =Pr ’ν_2(^h_n ) < 0 ZQi Q@=v@ xm —˝=Hv; R= V^∗_α —=Q@ x˝=BˇO l˝ {e^∗_β|β ∈ S} TB ’dim V^∗_α = 2 uwJ xH˝Dv QO ”⟨e^∗_rt_{.α}|e^∗_{rt}′_{.α}⟩ = 0 q=@ -x@U=Lt Q@=v@ =Pr

2 ”S = {r^t.α, r^{t′} .α} ⊂ Γ^{4n}_m u; QO xm CU=

u˝= QO ”dim V = m ≥ 2 w 1 ≤ h ≤ n − 1 ’χ = χ_h w n ≥ 2 ’G = T_{4n} s˝vm ZQi 9”3”4 -x˝[k ”ν_2(^h_n ) < 0 Qo = “ki w Qo = CU= x˝=BˇO —=Q=O V^{4n}_χ (G) CQwY

—=[iQ˝ R α ∈ Δ Qy —=Q@ 2”2”4 QmPD Q@=v@ CQwY u˝= QO ”OW=@ x˝=BˇO —=Q=O V^{4n}_χ (G) s˝vm—t ZQi =OD@= ”u=yQ@ ’ ∑ g∈G_α χ(g) = 2 ≠ 0 =Pr w G_α = {1} uwJ α = (1, 2, . . . , 2) —=Q@ XNq=@ ”CU= x˝=BˇO —=Q=O V^∗_α —Q=Ot

s˝ Q=O g, g^′ ∈ G Qy —=Q@ uwvm = ”Ow@ Oy=wN x˝=BˇO —=Q=O V^∗_α =Pr w α ∈ Δ CW=O s˝y=wN

g^′G_αg^{−1} =

{r^{b−a}} : g^′ = r^b w g = r^a Qo = {r^{n+a+b}s} : g^′ = r^b w g = r^as Qo = {r^{b−a}} : g^′ = r^bs w g = r^as Qo =

s˝ Q=O 7”1”4 -xH˝Dv Q@=v@ =Pr w

⟨e^∗_{g.α}|e^∗_g′_{.α}⟩ = 1 n cos^{(b−a)hπ}_n : g^′ = r^b w g = r^a Qo = 0 : g^′ = r^b w g = r^as Qo = 1 n cos^{(b−a)hπ}_n : g^′ = r^bs w g = r^as Qo =

9”2”3 -x˝[k Q@=v@ =:t= dim V^∗_α = χ(1) |G_α| ∑ g∈G_α χ(g) = 2 1 (2) = 4.

’t^′ w t ,=twRr =Pr OvW=@—t Owta sy Q@ wO@wO xm OvOwHwt uQ=kDt Q˝PBx˝ RHD QwUv=D 4 xmv˝=x@ xHwD =@ w q=@ -x@U=Lt Q@=v@ ”ν_2(^h_n ) < 0 s˝ Qw;—t CUOx@ 6”3”4 sr Q@=v@ xH˝Dv QO ”cos^{(t−t′)hπ}_n = 0 xm Ow@ Ovy=wN OwHwt ’0 ≤ t, t^′ < 2n xH˝Dv QO w V^∗_α ’α ∈ Δ Qy —=Q@ 8”3”4 w 7”3”4 ’4”3”4 —=ysr Q@=v@ x=ov; ν_2(^h_n ) < 0 s˝vm ZQi Qo = TmaQ@

2 ”CU= x˝=BˇO —=Q=O V^{4n}_χ (G)

u˝= QO ”dim V = m ≥ 2 w 1 ≤ h ≤ n − 1 ’χ = χ_h w OQi n ≥ 2 ’G = T_{4n} s˝vm ZQi 10”3”4 -xH˝Dv ”CU= x˝=BˇO Ok=i V^{4n}_χ (G) CQwY

2 ”CU= K[=w smL 9”3”4 -x˝[k Q@=v@ =Pr w ν2(^h_n ) ≥ 0 TB CU= OQi n uwJ ”u=yQ@

”OvyO—t V˝=tv Q_2n+1 =@ =Qv; w Ovt=v—t xDi=˝s˝taD uw˝vQD=wm xwQo =Q 2^{n−1} -xHQO R= —QwO wO xwQo 11”3”4 h˝ QaD

—Dkw ”CU= 2^{n+1} -x@DQt R= —ywQo Q_2n+1 =Pr w Q_2n+1 = T_{4(2}n−1_) = T_2n+1 q=@ h˝ QaD Q@=v@ 12”3”4 QmPD ”OW=@—t —rwtat uw˝vQD=wm xwQo u=ty Q_8 x=ov; ’n = 2

QO ”dim V = m ≥ 2 w 1 ≤ h ≤ 2^{n−1} − 1 ’χ = χ_h w n ≥ 2 ’G = Q_2n+1 s˝vm ZQi 13”3”4 -xH˝Dv ”CU= x˝=BˇO —=Q=O V^{2n+1}_χ (G) CQwY u˝=

w ν_2(^h_{2n−1} ) < 0 xm s˝ Q˝o—t xH˝Dv 1 ≤ h ≤ 2^{n−1} − 1 xm —˝=Hv; R= w G = Q_2n+1 = T_{4(2}n−1_) uwJ ”u=yQ@

2 ”OyO—t xH˝Dv =Q smL 9”3”4 -x˝[k =Pr

—]N —=yDWQU x@ xDU@=w —QwUv=D uQ=kD —=yTqm xm CU= u; R= —m =L 3”2”4 sr xm s˝vm—t xHwD 14”3”4 QmPD Tqm Qo = —va˝ ’CU= CUQO R˝v ?r]t u˝= Tma xm OW C@=F [15] QO 1986 p=U QO ”CU= x˝=BˇO —=Q=O xwQo l˝ u˝= —=Q@ —[kv p=Ft [24] QO 1991 p=U QO =:t= ”CU= —]N χ ,=twRr OW=@ x˝=BˇO —=Q=O V^n_χ (G) —QwUv=D uQ=kD Zkv —=yr=Ft R= —O=˝ R -xDUO 9”3”4 -x˝[k xm s˝vm—t xHwD ”CN˝ Q wQi 3”2”4 sr Tma —DUQO w OW x¨=Q= ‘w[wt ”OyO—t x¨=Q= ‘w[wt u˝= —=Q@ =Q

‘H=Qt [1] T. M. Apostol, “Introduction to Analytic Number Theory”, Springer-Verlag, New York, 1976.

[2] H. S. M. Coxeter, W. O. J. Moser, “Generators and Relations for Discrete Groups”, Third edition, Springer-Verlag, Berlin, Heidelberg, New York, 1972.

[3] L. J. Cummings, Cyclic Symmetry Classes, J. Algebra 40 (1976), 401-405. [4] M. R. Darafsheh, M. R. Pournaki, On the Dimensions of Cyclic Symmetry Classes of Tensors, J. Algebra 205 (1998), no. 1, 317-325.

[5] M. R. Darafsheh, M. R. Pournaki, On the Orthogonal Basis of the Symmetry Classes of Tensors Associated with the Dicyclic Group, Linear and Multilinear Algebra 47 (2000), no. 2, 137-149.

[6] M. R. Darafsheh, M. R. Pournaki, Computation of the Dimensions of Symmetry Classes of Tensors Associated with the Finite two Dimensional Projective Special Linear Group, Appl. Algebra Engrg. Comm. Comput. 10 (2000), no. 3, 237-250.

[7] M. R. Darafsheh, M. R. Pournaki, Non-Vanishing and Orthogonal Basis of Symmetry Classes of Tensors, To Appear in Southeast Asian Bull. Math.

[8] L. Dornhoff, “Group Representation Theory”, Part I, Marcel Dekker, Inc., 1972. [9] R. Freese, Inequalities for Generalized Matrix Functions Based on Arbitrary Characters, Linear Algebra Appl. 7 (1973), 337-345.

[10] R. R. Holmes, T. Y. Tam, Symmetry Classes of Tensors Associated with Certain Groups, Linear and Multilinear Algebra 32 (1992), 21-31.

[11] I. M. Isaacs, \Character Theory of Finite Groups", Academic Press, New York, 1976. [12] G. James, M. Liebeck, “Representations and Characters of Groups”, Cambridge University Press, 1993.

[13] M. Marcus, \Finite Dimensional Multilinear Algebra", Part 1, Marcel Dekker, New York, 1973.

[14] M. Marcus, \Finite Dimensional Multilinear Algebra", Part 2, Marcel Dekker, New York, 1975.

[15] M. Marcus, J. Chollet, Construction of Orthonormal Bases in Higher Symmetry Classes of Tensors, Linear and Multilinear Algebra 19 (1986), 133-140.

[16] R. Merris, The Dimension of Certain Symmetry Classes of Tensors II, Linear and Multilinear Algebra 4 (1976), 205-207.

[17] R. Merris, \Multilinear Algebra", Gordon and Breach Science Publishers, 1997. [18] R. Merris, M. A. Rashid, The Dimension of Certain Symmetry Classes of Tensors, Linear and Multilinear Algebra 2 (1974), 245-248.

[19] J. P. Serre, “A Course in Arithmetic”, First edition, Springer-Verlag, Berlin, Heidelberg, New York, 1973.

[20] M. A. Shahabi, K. Azizi, M. H. Jafari, On the Orthogonal Basis of Symmetry Classes, To Appear in J. Algebra.

[21] M. Shahryari, On the Orthogonal Bases of Symmetry Classes, J. Algebra 220 (1999), 327-332.

[22] T. Y. Tam, On the Cyclic Symmetry Classes, J. Algebra 182 (1996), 557-560. [23] B. Y. Wang, M. P. Gong, The Subspace and Orthonormal Bases of Symmetry Classes of Tensors, Linear and Multilinear Algebra 30 (1991), 195-204.

[24] B. Y. Wang, M. P. Gong, A Higher Symmetry Classes of Tensors with an Orthogonal Basis of Decomposable Symmetrized Tensors, Linear and Multilinear Algbera 30 (1991), 61-64.

=tvy=Q CUQyi

3 ’RQ=sy V˝=tv wO 45 ’Qov˝U QwO 7 ’xDi=˝s˝taD Ot=aD -x]@=Q 6 ’p:w= ‘wv Ot=aD -x]@=Q 7 ’swO ‘wv Ot=aD -x]@=Q 6 ’Ot=aD “@=wQ 53 ’α x@ xDU@=w —Q=Ot —=[i Q˝ R 5 ’—rY= CWQU 9 ’—˝=kr= CWQU 5 ’—y˝O@ CWQU 5 ’Q˝PB=vp˝wLD CWQU 6 ’—DWo˝=H CWQU 5 ’—]N CWQU 5 ’Q=O=iw CWQU 4 ’G —y=vDt xwQo R= —DWQU 14 ’—DWo˝=H Qorta 10 ’Tw˝v@wQi p@=kD uwv=k 55 ’R˝ Qi -x˝[k 38 ’=tQi lJwm -x˝[k 4 ’xmWt -x˝[k 24 ’21 ’χ w G x@ xDU@=w —QwUv=D uQ=kD Tqm 42 ’2 -xHQO R= X=N —]N —Q˝wYD xwQo

70 ’x˝=BˇO 3 ’Q˝PB=vp˝wLD —=ypwOt C G 24 ’χ w G x@ C@Uv uQ=kDt Q˝PBx˝ RHD QwUv=D 20 ’χ w G x@ C@Uv uQ=kDt 74 ’l˝O;ˇ2 —@=˝ RQ= 55 ’R=UQ=O˝=B 10 ’—]N n ‘@=D 13 ’—DWo˝=H ‘@=D 30 ’Qr˝w= —@=UL ‘@=D 30 ’Qr˝w= *—i ‘@=D 66 ’xDi=˝ s˝taD —U˝ QD=t ‘@=D 31 ’Tw˝@wt ‘@=D 11 ’Q˝PBx˝ RHD QwUv=D 8 ’—Uqm ‘@=wD 9 ’G xwQo Q˝PB=vp˝wLD —=yDWQU pwOH 11 ’—QwUv=D ?Q[rY=L 11 ’—QwUv=D ?Q[rY=L —v=yH C˝Y=N 42 ’—Q˝wYD “N 3 ’V˝=tv -xHQO 5 ’RQ=sy Q˝e CWQU wO 5 ’RQ=sy CWQU wO 3 ’RQ=sy Q˝e V˝=tv wO

82 =tvy=Q CUQyi 2 ’Q@H xwQo 42 ’2 -xHQO R= X=N —]N xwQo 2 ’s=a —]N xwQo 39 ’—QwO wO xwQo 77 ’xDi=˝s˝taD uw˝vQD=wm xwQo 77 ’—rwtat uw˝vQD=wm xwQo 18 ’χ w G x@ xDU@=w R=UuQ=kDt 31 ’u=Hwv=t=Q ‘wtHt 31 ’xDi=˝ s˝taD u=Hwv=t=Q ‘wtHt 52 ’α Q=Ot 3 ’G xwQo R= V˝=tv 3 ’V —W˝=tv —=[i =@ G xwQo R= V˝=tv 4 ’—rY= V˝=tv 4 ’—y˝O@ V˝=tv 4 ’Q˝PB=vp˝wLD V˝=tv 4 ’—DWo˝=H V˝=tv 37 ’—r˝m V˝=tv 37 ’s˙vt V˝=tv 3 ’Q=O=iw 3 ’D -xDUy 5 ’χ -xDUy